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CHATS WITH THE EDITOR 


HIRD in the series on mathematics 
applied to business, this issue 1s 
devoted to the mathematics of install- 
ment finance and of money and bank- 


ing. These subjects follow naturally 


on the consideration which we have 
already given in Issue Fifteen to the 
matter of life insurance and in Issue 
Sixteen to the subject of accounting. 

Most laymen are woefully ignorant 
of the processes by which finance com- 
panies arrive at a determination of the 
interest rates which they charge. 
When they find it necessary to ar- 
range for partial payments, extending 
over a period of time, in connection 
with the purchase of an automobile or 
of a rather expensive item of house- 
hold equipment, they realize that 
"something extra" has to be paid over 
and above the cash price. “A dollar 
down and a dollar a week" sounds 
harmless and is easily within the reach 
of the average pocketbook. Accepting 
the "service charge" which 1s added 
to the asking price, they seldom stop 
to figure out the interest rate which 
they are thus asked to pay. 

The trouble with such schemes is 
that the purchaser usually fails to 
compare the ultimate cost under such 
a plan with the amount which the ar- 
ticle would have cost if he could sim- 
ply have withdrawn his money from 
the bank to make complete payment 
at the time of purchase. Given two 
propositions, each involving a mod- 
erate down payment and settlement 
for the balance on easy terms, he is 
unable to determine which would be 
less costly for him in the long run. Dr. 
Ewart throws light on this subject, 
showing the reader how to compare 
the two propositions. 

In all of his computations, Dr. 


Ewart has followed a definite pattern. 
The reader who keeps this pattern in 
mind will have little difficulty in 
training himself to think along the 
same lines when he is confronted by a 
new problem. The tendency for stu- 
dents working in this field 1s to look 
for the formula first. Such a plan of 
attack often leads to confusion and 
uncertainty. 

Much of the confusion will be 
avoided if you follow the scheme of 
beginning by visualizing the problem. 
Remember that words used in finan- 
cial problems are abstract symbols 
standing for real objects and real ac- 
tivities. Although we all know this, 
we still have a tendency to consider 
words as something in and of them- 
selves. Using words without reference 
to the objects and activities to which 
they refer will almost invariably lead 
to difficulty. We should make a con- 
scious effort to refer the problem back 
to events and experiences in real life. 

In this connection, you will find 
that you improve your ability to visu- 
alize if you will read a considerable 
number of word problems, merely at- 
tempting to picture to yourself the 
specific activities indicated by the 
problem. When a problem is based on 
a credit instrument, you may find it 
helpful to record the main character- 
istics on a blank sheet of paper repre- 
senting the credit instrument. 

While in the early stages of your 
study, you should concentrate on 
visualizing the problem without scat- 
tering your attention by seeking a 
method by which it may be solved. 
One little boy was asked how he knew 
whether to multiply or to divide. 
"First I try gozinter and if that doesn’t 
work I know I have to do times” 
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was his reply. Such trial-and-error - 
methods rarely lead to a real under- 


standing of the principles involved. 


After you have read the exact word- 
ing and translated the known and the 
unknown situations into algebraic 
symbols, place these symbols on a line 
chart which shows graphically that 
time between events is involved. The 
various time-line charts strewn 
through Dr. Ewart’s article are of this 
nature. In each instance, the symbols 
written on and below the line are of 
assistance in leading to an under- 
standing of the problem. 

Now consider again the algebraic 
symbols which you have indicated. 
Select a formula which contains these 
symbols. Substitute into this formula 
the values previously determined, 
looking up extended values in the 
tables which are related to the 
formula. (In several instances, Dr. 
Ewart shows you that you have a 
choice of tables for this purpose.) 

You are now ready to solve the 
resulting equation for the required 
unknown or unknowns. Having found 
these, check the reasonableness of 
your answer by inserting them in the 
original formula. 


In most problems in this issue, you 
wil find that your work is greatly 
facilitated if a calculating machine is 
available. Many of the computations 
require extended multiplications or 
divisions, which are tedious and time- 
consuming unless you resort to me- 
chanical means of solution. Since 
every operation with numbers affords 
another chance for error, you may 
avoid these errors and save your time 
for additional practice if you run your 
figures through a calculating machine. 


If you do not have a machine avail- 
able, however, you should give atten- 
tion to the alternative solutions in 
which logarithms are employed. If 
you are already familiar with the use 
of logarithms (first presented in Issue 
Number Two on pages 88 to 100), 


we shall probably not have to "sell" 
you at this point on their desirability. 
If you have been postponing the day 
when you intend to perfect yourself 
in their use, let us suggest that that 
day is now at hand. Obviously, the 
slide rule (pages 101 to 114) may also 
be employed for some of these calcula- 


tions, though the degree of accuracy 


may not be quite so great as we should 
desire for the present purpose. 

In Dr. Trefftzs's article, you are 
introduced to the mathematics of in- 
vestment analysis. Methods of mak- 
ing mathematical appraisals of the 
intrinsic value of securities have been 
developed almost entirely since 1929. 


Dr. Trefftzs begins with definitions 
of terms frequently encountered in 
the financial pages of the newspapers. 
After studying the formulas relating 
to these terms, you will find yourself 
in a much better position to under- 
stand the "back pages" of the metro- 
politan press, the pages which remain 
occult mysteries to most readers. 'This 
section of his article is thus of con- 
siderable value apart from its mathe- 
matical implications. Ἢ 


That portion of Dr. Trefftzs’s ar- 


ticle which deals with the conversion 


of foreign currencies throws further 
light on a subject which frequently 
presents difficulties to an American 
reader. Because of conditions in- 
cident to the present war, the whole 
future of foreign exchange is some- 
what indefinite at this moment. The 
illustrations have naturally had to be 
thrown back to pre-war days. What- 
ever the new units of money may be, 
the general principles of conversion 
will be the same, however, so that 
mastery of the material here pre- 
sented will place you in a position to 
undertake conversion problems in any 
unit which may be developed. 


If you have been visualizing the 
banker’s life as an easy one, you may 
come to a somewhat different con- 
clusion after you have performed 
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some of the calculations which are a 
part of the banker’s daily stock in 
trade. Perhaps you have often won- 
dered just how a bank makes money 
on its deals. The illustrative ex- 
amples concerning arbitraging show a 
type of transaction which is per- 
fectly safe, no risk of monies being in- 
volved, but conservatively profitable. 


It is probable that few readers of 
ῬπΑΟΤΙΟΑΙ, MarHEMATICS will have 
occasion to engage in arbitraging to 
any considerable extent. At some 
time or other, however, most of them 
will probably “‘dabble in stocks", 
even if they are prudent enough not 
to attempt to “play the market”. 
While some people seem to have con- 
siderable luck in playing hunches, and 
while it must be admitted that human 
factors which are not mathematically 
analyzable often go into the making 
or losing of huge fortunes, it should 
be realized that, in the long run, the 
conservative investor is ΙΠ a more 
favorable position if he can calculate 
quickly and accurately the amount 
which he stands to gain or lose by a 
given transaction. 


Dr. Trefftzs shows how to calculate 
the present worth of a stock or bond, 
based on the amount of interest it 
earns and on the date of its maturity. 
From the simple formulas which he 
illustrates, one may easily determine 
for himself the value of any stock 
which he is contemplating buying. 


Both of the articles in the present 
issue lay considerable stress on the 
use of tables. Following the practice 
which we have used in all of our issues, 
Practicar MATHEMATICS presents 
suitable tables in a sufficient degree 
of completeness to permit of the cal- 
culations necessary to the solution of 
the problems presented as exercises 
for the reader. Since complete tables 
would run to many pages, 1t should be 


obvious that limitations of space in a 


magazine like this make it impossible 
for us to present all of the tables 
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which are found necessary in the 
fields covered. If you are actually 
working in any of these fields, you will 
want to acquire complete tables. 

Much of the mathematics which is 
employed in the present issue 1s of a 
simple nature. The formulas are new, 
but are manipulated in accordance 
with principles earlier developed. 
There 1s always a tendency when we 
are engaged in learning new formulas 
or new processes to take for granted 
our ability to continue to remember 
and use what we have previously 
learned. The human brain 1s a tricky 
machine, however, and most of us 
find that we sooner or later forget 
much of what we have previously 
learned unless we take pains to refresh 
our memories from time to time. Psy- 
chologists tell us, fortunately, that we 
may quickly re-learn what we have 
once known and that we may de- 
crease the curve of forgetting if we 
engage In periodic practice, at first at 
frequent intervals but gradually with 
a greater spread between periods. 

Let me suggest to you that a care- 
ful review of the earlier issues of 
Practica, MATHEMATICS is desirable 
at this time. If you have not looked 
back over these earlier issues in some 
little time, perhaps now 1s the oppor- 
tune moment for you to begin a 
painstaking review. At several points 
in the present issue, our authors 
suggest references to material pre- 
sented earlier in the course. If you 
were using this book as a text in the 
classroom, your instructor would un- 
doubtedly see to it that you looked up 
these references and that you became 
letter perfect on the sections to which 
you had been referred. Since in this 
course you are your own taskmaster 
in this respect, it is up to you, the 
teacher, to see that you, the student, 
do not encounter difficulties at this 
stage because of your failure to relate 
this material properly to what has 


gone before. RSK. 
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>. MATHEMATICS OF INSTALLMENT FINANCE +: 
By Park J. Ewart, Ph.D. 


NE of the most startling developments in finance during the past 
two decades has been the rapid and extensive growth in volume and 
variety of installment credit. Each new type of installment contract 
gives rise to a new set of financial problems which mathematics may 
aid in solving. To those merchants and financiers who have success- 
fully applied the principles of installment finance the rewards have 
been great. Many of those consumers who have not understood the 
installment contracts into which they have entered have paid excessive 
costs when less expensive plans were readily available. When we have | 
to choose between two or more courses of action based upon the inter- 
pretation of the relative advantages of two or more actual or contem- 
plated contracts or other financial arrangements, it 1s often necessary 
that each be framed on a comparable basis before we can make a 
rational decision. Variation between patterns of relation of sums of 
money in time leads to non-comparability between installment plans. 
From one point of view, most mathematical problems in finance are 
concerned with the relations between sums of money in time. These 
problems, therefore, necessitate the recognition of values which are 
future to other values. Values which occur earlier chronologically 
than future values are referred to as present values. Perhaps as much 
confusion in interpreting word problems arises from the inability to 
differentiate between present and future values as from any other 
aspect of time placement of events. Many failures of economists and 
business men to give adequate solutions to problems in real life have 
been due to failure to grasp properly the relationship of events in time. 
Space relations are easier to grasp than time relations because 
continual adjustment to objects in space is necessary to survival. It 
has been found advantageous, therefore, to picture the sequence and 
separation of events in time by the use of the line chart. Statisticians 
and historians have been utilizing this device quite successfully for 
a long time. The device is beginning to appear more frequently in 
books in mathematics of finance. E 


. For example, it may appear that $50 paid in 4 installments at quarterly 
intervals is equal to $200, but a line chart like Fig. la shows the 4 pay- 
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ments of $50 separated by 3-months' intervals. If one has to wait 3 months. 
for the first $50, 6 months for the next, and so on, the 4 payments of $50 
are worth less than $200 now. The future, δ, Fig. 1b, and the present, P, 


Fig. 1c, each show lump-sum payments 
of $200 but made at entirely different $50 $50 $50 $50 


times. Thus, while each may bethought {A R ë È Ra Ry 
of as $200, they represent two separate (a) $ 200 
and distinct orders of $200. 





$ 
e ae ; b 
In addition to showing the spread $200 (h) S 


of events, these diagrams also may 1! : 

aid considerably in differentiating P C 

between present and future values. Fig. 1 

It is generally accepted practice 

to consider sums to the right as future to those to the left. Z and P, 
then, in the design above, are present values and S is future. A; is 
present value to R4; R; is future value to Re; likewise, R, is future 
to Rs, etc. : ; 


INSTALLMENT FINANCE| Installment financial contracts may be 

^ A CONTRACTS divided conveniently into annuities | 
! ! ! certain and contingent annuities, as 
was shown on pp. 900ff. Pages 903 to 917 then proceeded to develop 
systematically contingent annuities. We shall now consider a syste- 
matic treatment of annuities certain or mathematics of installment 
finance. | 

Mathmatical formulas may be classified into: 

a Installment payments at end of period; 

b Installment payments at beginning of period; | 

C Installment payments which are deferred or terminated one or more 

periods. : 


Each of these basic types of formula may be simplified if the rent 
period, or period between installments, 1s equal to the period of interest 
conversion. Therefore, each of the three basic types of installment- 
payment problems are classified in one of the two categories: 

a Installment-payment period and interest-conversion period coincide; - 

b Interest-conversion period and installment-payment period not equal. - 


In turn, the problems in each of the cases may be classified into 
present-value problems and future-value problems. For example, all 
contracts involving periodic payments involve either the present value 
or the future value of a series of payments. From another point of 
view, a series of payments such as one might have coming from an 
estate will not be worth so much now as the sum of the individual 
payments. On the other hand, if these series of payments are allowed 
to accumulate into a fund and interest is accumulated, then the total 
accumulated is more than the sum of the separate payments. 
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_ If the future value or the present us 









Furthermore, both present-value and future-value installment prob- 
lems involve additional variables, which we may conveniently classify - 
under five headings, as follows: | 

a the rent or periodic payment, | TINSTALLMENT 

b the number of payments, PERIOD AND 

C the rate of interest per period, 


d the interest-conversion period, 
e the rent-conversion period. 






—— —Ó—MM————— 


| | PRESENT | 


It is apparent that, in problems 
where d and e are equal, they may 
be ignored and there are, for prac- 
tical purposes, only three of these 
variables. If all of these variables 
are known for a specific problem, 









AT 
BEGINNING 
PERIOD 










DEFERRED OR 






then either the future value or the | TERMINATED 
b : ΟΝΕ OR MORE PRESENT | 
present value may be determined. |" PERIODS ^| Nor EQUAL H- FUTURE 


. Fig. 2 
value is known, and any four of Es 


these variables are known also, then the fifth may be determined. 


Installment payments at end of period—ordinary annuity 


Themathematics of compound interest was explained in detail on 
pages 1047 and 1048. An introduction to the relationship between 
compound interest and annuity certain formulas was presented on 
pages 897 to 900. The next two sections of this issue show in detail 
the transition from compound-interest problem-solving devices to 
those of periodic-payment problems. 


CASE 1. INSTALLMENT-PAYMENT PERIOD AND 
INTEREST-CONVERSION PERIOD COINCIDE 


Such a problem as this might arise: A father has decided to deposit 
$1,000 semi-annually during the next two and one-half years in a build- 
ing-and-loan association for his son’s education. If the association 


pays 35% compounded semi-annually, how much should be available : 
to the boy at the end of 30 months? : 


DERIVATION OF FUTURE-VALUE FORMULAS AND TABLE 


This problem may be solved readily as five separate compound- 
interest problems and the five future sums added to obtain the required | 


s Answer. < | 
$ 1,000 . $1,000 $1000 $1,000 $ LOQO |. ime of 
First Second Third Fourth Fifth Valuation 
Deposit Deposit Deposit Deposit Deposit 
i=O0.0175 n=O, orl, or2, or3, or4 


Fig. 3 
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ο ubotitutine these values in e domu formula, | 


P+”, 


we abrain the following ete | | 
Value of dast deposit at time of valuation $1,000 (1.0175)? 
Value of fourth deposit at time of valuation $1,000 (1.0175)! 
Value of third deposit at time of valuation $1, ‘000 ο) το) 
Value of second deposit at time of valuation $1, 000 (1.0175)3 ` 
Value of first deposit at time of valuation $1, 000 (1.0175)4. 
Adding: we have 
$1,000(1.0175)?-4-$1,000(1.0175)4-$1,000(1.0175)?4-$1,000(1.0175)* 
+$1,000(1.0175)¢. 
After removal of the common factor, $1,000, the future sum = 
$1,000[1 4-1.01754- (1 0175)?-+ (1. 0175)? 4- (1.0175)* ]. 
When the number of deposits is small and an adding machine is 
available, this problem may be solved without a great amount of effort 
by adding the terms within the bracket, which may be found in 
Table LXXXIX. However, simpler methods have been developed: 
. For example, Table XCI records this summation of Table LXXXIX. 
Table XCI is merely the cumulative sum of the values in Table LXXXIX 
for 1 less than the number of periods plus $1. For the solution of the illus- 
trative problem, the value in Table XCI for 75, 720.0175, is $5.17809. 
uL is identical with the sum of the first four values in Table LXXXIX for 


1505-81; that 1s: Y 


$1+$1 0175-81 .03531+$1.05342 +-$1.07186 = $5.17809, 
correct to the fifth place. 

A similar summation will hold true for all values of n and all rates 
of interest in Tables LXXXIX and XCI. Table XCI will be of great 
value in solving installment finance problems pertaining to future 
values. 

The symbol for values in Table XCI is sw, in which z stands for the 
number of periods and 7 stands for the rate of interest per period. This 
symbol is read "5, lower index z, at rate 7". From another point of view, 
. this is the symbol for the future value of $1 per period for z periods at 7 rate 
of interest per period. 

Likewise, it may be observed that | 
| ! LEO Gast ade OAR? 
is a geometric series in whic 

r(the rate of change) 214-7; 
a(the first term) =1; 
7 -number of terms; 

| s=sum of a geometric series. 

The formula for the sum of a ee progression as given on page 217, is 
a(1—7* 

l-r ` 
Substituting these values in this formula, we get 


-1-1139" 1-11-9"᾽ (1-1 


| E 
. This symbol, then, sa; and formula, a both stand for the . 
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values in Table XCI and also for the future value of $1 per period for 72 


periods at 7%. ^: 


Formulas for the future value of πασά of the type discussed 


‘in this section, then, are as follows if 


S, =the future value 
and ^. Rzthe periodic payment: 
P ESSA Sa—R 9 — 


The uses of Table XCI symbol formula and the independent-variable : 


formula will be demonstrated in detail later (pp. 1095 ff.). In the 


following section, we shall trace the derivation of Table ΧΟΠ and 
the formulas for the present value of an annuity of $1 per period for 
m periods at 7% rate of interest from compound discount. 


DERIVATION OF PRESENT-VALUE FORMULAS AND TABLE 
At some time, one might be confronted with this proposition: 
. What is the value now of the right to receive $1,000 semi-annually 
for the next five periods if interest is worth 35% compounded semi- 


annually? 

This problem may be solved readily as five separate compound- 
discount problems and the five present values added to obtain the 
required answer. 


Time of $ 1,000 $1000 $1000 $1000 $1000 
Valuation First - Second Third Fourth Fifth - 
Deposit Deposit . Deposit Deposit Deposit - 
i 0.0175 n=t, or2, or3, or4, or5 
Fig. 4 


Substituting these values in the compound- discount formula, P= Svj, V we 
obtain the following results: 
Value of first deposit at time of valuation —$1,000 2 175 
Value of second deposit at time of valuation 2 $1,000 2? 175 
Value of third deposit at time of valuation 2 $1,000 οὗ ,,;; 
Value of fourth deposit at time of valuation —2$1,000 οὗ 3175 
Value of fifth deposit at time of valuation =$1,000 οὗ ,,;.. 
Adding, we have | 
$1,000 9 9175 + P1000 03 017s + 91,000 00.0175 + 991,000 ¥§.0175 + 91,000 05.0175" 


After removal of the common factor, the present value is 


$1 000 (v) 0175+ 2.0175 + 00.0115 + 2.0175 + 05 ριτο)- 


When the number of periodic deposits is small and an adding machine 
is available, this problem may be solved without a great amount of 








is a geometric series in which 
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effort by addirig the terms within the bracket, which may be found in 


Table XC. However, simpler methods have been developed: 


For example, Table ΧΟΠ records this summation of values from Table XC. 
Table XCII is merely the cumulative sum of the values in Table XC for a 
given number of periods at a given rate of interest per period. 


For the solution of the illustrative problem, the value in Table XCII for | 
“n=, 25 0:0175, is $4. pee This is identical with the sum of the first five 


-values in Table XC for PA 


80. 98280-1-90 96590 -+$0.94929-+-$0. 93296140. 91691 =$4.74786. 
Table XCII will be of great value in solving annuity-certain prob- 
lems pertaining to present values. 
The symbol for values in Table XCII is am; in which z stands for the 
number of periods, and 7 stands for the rate of interest per period. This 
symbol i is read “‘a, lower index z, at rate 7". From another point of view, this 


is the symbol for the present value of $1 per year for z periods at 7 rate of 


interest per period. 
Likewise it may be observed chat 


1 1 1 1 1 
Gd 0335570 Tae a 





ned 1 [LJ a nn 1 ο 

ΠΗ 147? 

Substituting these values in the formula for the sum of a geometric progres- 
sion and using the symbol, am, for the sum, we get 


nz: e] tul uid ος Cpu 


MU d patte ΕΝ d 
STE? ] 


This symbol, then, Ami, and this formula, 


n =number of terms. 


E , both stand 


for the values in Table XCII and also for the present value of $1 per 


period for z periods at 7%. 
Formulas for the present value of annuities of the type to be dis- 


- cussed here, then, are as follows if 


A =the present value of series of rents of any size 
and R=the regular periodic payment: 
| 1— 


pe R O eR MM Eris 


HOW TO USE FORMULAS AND TABLES 


The appropriate uses for Tables XCI and XCII symbols and inde: 

pendent-variable formulas for both future and present values are 
illustrated i in the following sections of Case 1. 

έπος; it should be observed that i in the future-value formulas 


em 








te, 


(e 
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four variables were noted: $5, R, 2, 1. Likewise, in the present-value - 
formulas four variables were shown: 4, R, z, 1. In either of these 
two groups when three variables are known, the fourth may be 
found. We shall now proceed with detailed illustrations of how these 
formulas may be utilized in solving problems in which each of these 


‘variables is an unknown. 


Amount unknown: future value—Mr. Smith has determined to 
deposit $500 at the end of éach year for the next 10 years in a trust 
company. If the trust company pays 4% interest compounded an- 
nually, how much should Mr. Smith have credited to his account 


after the tenth deposit if no interest has been collected? 4 


First, we translate the word problem into standard algebraic symbols: 


eR R R R R R R R R R = $500. 
ree : | 
n=!0 i= 0.04 Sn=? 
Fig. 5 


.^ The method that should be used in solving a given problem is the 
one which enables the answer to be obtained most easily and most 
accurately. Ifin a business situation one is confronted with a volume of 
problems requiring use of unusual interest rates! or periods, he should 
prepare a table or tables with these rates and periods. 


Solution directly by TableXCI 
If Table XCI is available and both the interest rate and number of 
periods in the specific problem may be found in the table, this method 
should be used: E 
à Select a formula which contains the table symbols: 
SQEER fu tut 


b Sübstitute the known variables shown in Fig. 5 into this formula. 


5,5500 510]0.04- 
c From Table XCI: 
| S4= ($500) (12.00611). 
d In this step, a calculating machine should be used if available. 
S» — $6,003.06, 
the amount Mr. Smith should have to his credit just after the tenth 
deposit. A d 
Solution directly by Table LX XXIX 
When both the interest rate and the number of periods in the spec- 
ific problem may be found in Table LXXXIX, it may be used in lieu 
of Table XCI. 
a Select a formula containing the independent-variable symbols: 
| Sb (1-2) —1 
pide quoe eet 





3 1Rates of interest and number of periods in the tables on pages 1169 to 1182 are rates and periods fre- 
quently found in specific business problems. EE 
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b Substitute the specific known variables shown in Fi ig. 9d into this formula: 


(1.04)19—1 
$5 = $500; 004 
ο From Table LXXXIX: ; 
1.48024 —1 
Sa $500 . σας 


d Usually i in this τ a calculating machine should be aed if available: 
= ($500) (12.00611) — $6,003.06, 
the amount Mr. "nh should Dave to his credit just after the tenth 
deposit. 

This method is easier than the use of boanias but more : difficult 
than solution by Table XCI. If the interest rate is. found in Table 
LXXXIX but the number of periods is greater than those given in the 
tables, this method should be used. The reader will readily see how to 
use Table LXXXIX to solve problems with periods greater than those 
εν the table 1f he remembers the rules of exponents (pp. MIF., 
211ff 

Solution either by Logarithms or a Principle of 
Exponents and Calculating Machine 


If the rate of interest paid to Mr. Smith by the trust company is 
assumed to be 3= Ὃς rather than 4%, then the tables in PRACTICAL 


MATHEMATICS dodi be used directly for solving the problem. How- 
ever, the problem may be solved either by the use of logarithms, a 
principle of exponents and calculating machine, or by interpolation 
from Table LXXXIX or Table ΧΕΙ. 
Translate the word problem into standard algebraic symbols: 
R R R R R R R R R R = $500 


51Ο i= 0.0375 | Sn? 
Fig. 6 | 


a Select a formula which contains the independent-variable dono: 
i. (1-F2*—1 
Sn=R- ‘aa 
b Substitute the known vere κο m Fig. 6 into this formula: 
(1.02875)19— 
Sn — $500 - lom 0878 — 


C The actual use of logarithms and use of principles of exponents for solving 
the problem will be left for the reader. 


Solution by I nterpolation from Table XCI 
By employing straight-lineinterpolation, we may use tables LXXXIX 
and XCI with a fair degree of accuracy. The use of straight-line 
interpolation introduces an error because amounts of annuities and 
compound amounts are curvilinear variables. Furthermore, the higher 





m 
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the rate of interest, the greater the rate of increase of the slope of the 
curve for any given time. (Although either Table LXX XIX or XCI 
can be used as previously indicated, the solution by interpolation will A 
be shown only with Table XCI.) 

a Select a formula which contains the table symbols: 

S ze Smi: 
b Substitute the known variables shown in Fig. 6 into the formula: 
δ. 7 $500 519].0375- - 


€ Since 3° 270! 19 berech 35% and 4%, then find in Table XCI the σε 


510]0.04 =$12 00611 
51ülo. 03527 1l 793139 


$ 0.27472, 
the Tirk in the yes to which $1 per period will accumulate i in 


10 periods at 4% and at 35%. 


Since 0.04 —0.035 =0.005 
and 0.0375 — 0.035 20.0025, 
0. 0025 . 


0.005 » ($0. 21472) = $0.13736. 


This amount should be added to $11.73139 to give the xc τα; fate 


value to which $1 per period for 10 periods would accumulate at 3 20. That is, 


$11.73139 +-$0.13736 —$11.86875 = stu. 0378, ομως 


Now, substitute this ο. in the equation in 
= ($500) (11 86875). 
d Perform the Cr eats by calculating machine, if one is available: 
$4, = $5,934.38, 
the amount Mr. Smith should have to his credit just after the tenth 
deposit. 


A comparison of this answer with that of your lason by exponents 
will indicate that the answer from interpolation is greater by an amount 
of $0.46. This variation is due to the fact that the slope of the curve - 
of accumulation of an annuity at 4% is increasing at a greater rate 


than the slope of the curve of accumulation of an annuity at 35/0; as 


was explained in the introduction to this method. 


TEST YOUR ABILITY TO SOLVE FOR THE FUTURE VALUE OF 
CASE 1 ANNUITIES, RENT PAID AT END OF PERIOD 


ατα... purchased for $1,500 and taxes in an amount of $7.50 paid 
every 3 months for 10 years, the first taxes paid 3 months after the lot 


was purchased. What was the accumulated value of the lot 10 γεατ . 


after purchase, assuming money worth 4%, converted quarterly? 
2 When his daughter was 12 years old, a man decided to place $240 every 
6 months in a building-and- loan association paying 3% converted semi- 














annually until she entered college at 17 vents of age. How much was 
available to the girl when she entered college? 
3 On January 1, 1944, a man decided to place $100 per month, besinning 


January 31, 1944, for the next 20 years in a trust fund paying 35% 


converted monthly. How much should be credited to his account 
January 1, 1964? 

Amount unknown: present value—According to the terms of a will, 
Mr. Smith is to receive $500 semi-annually for the next 5 years from a 
trust fund. He has an opportunity to sell his rights to a_private 
investor who is willing to purchase these if he can earn 7% semi- 
annually on his investment. What should Mr. Smith obtain for his 
rights now? 

Translate the word problem into standard algebraic symbols: 


Re SRR Se eR CB Ry ROS Ro RSS 000 





As? : n=O . 450035 
Fig. 7 
Solution directly by Table XCII 


8 Select a formula which contains the table symbols: 


i: R ay. 
b Substitute the specific known variables as shown in Fig. 7 into a. 
Li A= =$5 00 10]0.035- ) 
c From Table XCII: A = ($500) (8.31661). 


d Complete the calculation: 4=$4,158.31, 
the amount Mr. Smith should receive for ‘his rights now. 


Solution by Table XC 


a Select a formula which contains the independent-variable symbols: 
1 


| n E 2. 
ο SERES ug ΤΕΣ 
b Substitute the Teca known varisbles as shown in Fig. 7 into a. 
A=$500 . x ET 
€ From Table En 
d Complete the calculations: 
A=$500 . = = (8500). (8.31657) =$4,158.29, 
the amount Mr. Smith should receive for his rights now. (The difference 
of two cents between this and the preceding answer is due to the use of 
five-place tables, whereas the answer is in six places.) 
Solution by Logarithms 
If ene rate of interest which the private investor is willing to take 








is 67 x converted semi-annually rather than 77% onran semi- 
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annually, then the tables in Practica, MATHEMATICS cannot be used 
directly for solving the problem. However, the problem may be solved 
|. 4^. by the use of logarithms, a principle of exponents and calculating 
a machine, or by interpolation from Table XC or Table XCII. 


Translate the word problem into standard algebraic symbols: 
TR RRR —R JR ——R 11H RH R3$5090 


t ; 
A=? n slO i= 0.0325 
Fig. 8 


a Select a formula which contains the made bendent-variable symbols: 
q 
]----------- 
Gs-4)% 
Z . 
b Substitute the known variables shown in Fig. 8 into the formula: 
1 s 
quic o 
x: (1.0325)19 
A=$500 9 0.0325 e 


c The details of solution by logarithms are left to the reader. 


ώάΞξκ. 


Solution by a Principle of Exponents and Calculating Machine 


If the exponent is not too large and a calculating machine is avail- 
able, the principles of exponents may be used rather than employing 
logarithms. The detail of this solution will be left to the reader. 
(Cf. p. 1097.) ! | 

| Solution by Interpolation 


If the rate of interest which the private investor is willing to take 
cul 3 : 
is 6570 converted semi-annually rather than 7% converted. semi- 


annually, then, as has been explained, neither Table XC nor Table XCII 
can be used directly for solving the problem. By employing straight- 
line interpolation, however, we may use these tables to get an approx- 


imate answer. (Although either Table XC or Table XCII could be 


used, the solution by interpolation will be shown only with Table XCII.) - 


a Select a formula which contains the table symbols: 
AER Gg. 
b Substitute the known variables shown in Fig. 8 into this formula: 


| A — $500 410]|0.0325. 
c Interpolate from Table XCII. Since 37% is between 3% and slo, find 


in Table XCII the following: | f 
i 400.08 = $8.53020 
100.035 = $8.31661 ; 
| $0.21359, | x 
the difference between the present value of $1 per period at 0.03 and 0.035 
rates of interest. The detailed interpolation will be left to the reader. 


t 
: 
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TEST YOUR ABILITY TO SOLVE FOR THE PRESENT VALUE OF 
CASE 1 ANNUITIES, RENT AT END OF PERIOD 


4 What is the equivalent cash price, assuming interest at 6% converted 
monthly, of a house sold on terms like rent at $75.00 per month? The 
house is to be fully paid for in 8 years. 

5 A forest is estimated to produce $10,000 per month net income for the 

. next 3 years. What is the present value of this net income if money is 
worth 9% converted monthly? 

6 If the semi-annual paving assessment on a piece of property was $014.53 
for 10 years, what single payment should liquidate the debt just after 
Ὁ payments have been made? Assume money worth 5% converted 
semi-annually. 


Rent unknown: future value — What equal annual payment 
should the XYZ Corporation deposit during the next 10 years to 
accumulate $1,000,000 in a trust company that pays 4% per annum: 


Bo Re CHRIS Reet RC ORO ORO ER α Re? 





i=0.04 as 10.08. Sn= $1,000,000 
' Fig. 9 


Solution directly by Table XCIII 
It will be noted that Table XCIII shows the values for d the 


Ami 


1 
amortization factor. The values for is the sakeun] factor, 


.. may be obtained readily from this table tee subtracting the appropriate 


rate of interest. ae relationship is shown in the equation, 


If Table XCIII is available and both the interest rate and the 
number of periods in the specific problem may be found in the table, 


this method should be used. 





a R= ο. 9 : / 
Sag 
b R=$1,000,000 : —} 





1010.04 


: R= ($1,000,000) (0.08329). 

d R — $83,290, 
the annual deposit necessary to accumulate a fund of $1,000,000 in 
10 years, accurate to five places. 


ο From Table XCIII: 


Solution directly by Table LX X XIX 


When both the interest rate and the number of periods in the specific 
problem may be found in Table LX XXIX it may be used. This table 





que 


T 
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may be used to ee if the interest rate is found in Table LXXXIX 
but the number of periods is greater than the tables provide. 


. -ᾱ. R= Sn" ar 
b = $1,000,000 - TODT 
AS c From Table LXXXIX: 
U^ des R= $40,000 
1.48024 —1° 
d R $83,291.69, 


the annual deposit necessary to accumulate a find of $1,000,000 in 10 
years. The $1.69 variation between the two methods is due to the. use of 


o-place table values. 
Solution by Logarithms 
n the rate of interest paid by the trust company is assumed to be 
3- 206 rather than 4%, then the tables in this issue of PRACTICAL MATHE- 


MATICS cannot be used directly for solving the problem. However, the 
problem feasibly may be solved either by the use of logarithms! or by 
interpolation from Table LXXXIX or Table XCIII. 

RO δρ RO CRM RaR OR ORO RS Ren 


i= 0.0375 n={0 S$v$ 1000000 
| Fig. 10 
itin 
3 “Oper 
: b p — ($1,000,000) (0.0375) 
ο εν, 


c The actual solution by logarithms is left to the ingenuity of the fedes 
Solution by Interpolation from Table X CHI 


a | : κ S, 


$m 


ob R=$1,000,000 . — 


51010.0375 - 





c Interpolation from Table XCIII. Since 320; is between 35% and 40}, 


find in Table XCIII the following: 
= $0.08524 





51010.035 
-= 0.08329 
51010.040 

$0.00195, 


E the difference between the sinking-fund factor for 10 years at 3l lo; and 
4% rates of interest. 








1 The principle of exponents also may be used as explatied on p. 901. 
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Since 0. 04—0.035 —0.005 and 0.04—0.0375=0 0025, 


2 
SER. (80.00195) 


should be added to $0.08329 to give the approximate amount that will be - 


required as a deposit each year to accumulate a sinking fund of $1 at the 
end of 10 years when interest is 0.0375 effective: 


$0.08329-+$0.000975 = $0.084265=——+ —, approximately. 


51010.0375 
d By substituting this value, we get 
SE ($1,000,000) (0.084265). 
e. = $84,265, 


approximately the Re deposit necessary to accumulate a fund of 


$1,000,000 in 10 years. 


TEST YOUR ABILITY TO SOLVE FOR RENT OF FUTURE VALUE OF 
CASE 1 ANNUITIES, RENT PAID AT END OF PERIOD 


7 The treasurer of a senior class of a college sold his 500 classmates the 
idea of contributing annually sufficient money to enable them to give 
- $35,000 to their alma mater at the time of their tenth reunion. How 
much would each member of the class have to donate each year to carry 
out this plan if money is worth 4% per annum? 

8 A man and his wife are planning a trip around the world. What equal 
quarterly deposit should be made, if interest is 4% converted quarterly, 
in order to provide $4,000 in 4 years? 

9 A man decided to accumulate a fund of $29,000 in 10 years. How much 
would he have to save monthly in order to develop this fund if money 


is worth 4% converted monthly? 


Rent unknown: present value—What equal monthly payment is 
necessary to liquidate a debt of $500 in 15 months if interest is 270 per 
month? 

R RO URS Ree Roe R= RAC ORS ER RS Rae Res Rac ROM 
T 
A* $ 500 S008 - ns lS 
: Fig. 11 


Solution directly by Table XCII 





a ke de 
Ami 
p | o Me islo.o2. 
ο From Table XCIII: | 
R= ($500) (0.07783). 
xd R $3891, 


the monthly payment necessary to liquidate a debt of $500 in 15 months, 
both principal and. interest at 2% per month on | the unpaid balance. | 


/ 
2G 
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Solution pn» by Table XC 
| Ai 
a R24. jesus poe 
: b p ($500) O. 02) 
T WIE oe 02 
c From Table XC: $10 
| | 1-074302 
d By use of eu ang machine or logarithms: 
$10 
RG ogg S D Ub 
the annual payment necessary to liquidate a debt of $500 in Mts months, 
both principal and interest at 2% per month on the unpaid balance. 

If both the interest rate and the number of periods in the specific 
problem may be found in Table XC, this method may be used. This 
table may be used to advantage if the interest rate is found in Table XC 
but the number of periods is greater than the tables provide. 


Solution by Logarithms 
If the rate of interest earned by the debt is assumed to be 2% 


instead of 2%, the tables on pages 000 to 000 cannot be used directly | 
for solving the problem. However, the problem feasibly may be solved 
either by the use of logarithms or by interpolation from Table XC or 
Table XCIII. (The solution of the problem with the new assumption 

and by these two methods is left as an exercise for the reader.)  . 


TEST YOUR ABILITY TO SOLVE FOR THE UNKNOWN RENT IN 
PRESENT VALUE, CASE 1 ANNUITIES, RENT PAID AT END OF PERIOD 


10 The purchaser of a $4,000 house arranged to pay the debt principal and 
interest at 5% converted quarterly, in 40 equal duarteriy payments. 
After making 20 payments, how much does he still owe? 

11 Three sons whose ages are 9, 12, and 14 are left $50,000 in a will. At the 


age of 21, each is to receive an equal 10-year semi-annual annuity. If 
: 1 | 
money is worth 9570 converted semi-annually, what semi-annual rent 


will each receive? 

12 A man who has the right to receive $5,000 in 7 years wishes to sell ie 
right now. A financier offers to pay him $1,000 cash and a periodie semi- 
annual payment so as to yield 7% semi-annually. What should be the 
semi-annual payment? 

Number of periods unknown: future value—How many payments 
of $100 per month will it take to accumulate $4,000 if money is worth 
6% converted monthly? 

R ΒΒ Ré R R R R=$100 





a EA E EAA 
i= 0.005 - ns? $5* $ 4,000 
Fig. 12 | 
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— Solution by Table XCI 
a ο 
3 Tut R 


b Smo.oos= SD. =$40.00. 


c From Table XCI, find in iy, column: 


53610.005 = $39.33611; 587|6:005 = 940.03279. 
d n=36+ months, 
which is accurate enough for practical purposes because it is customary 
practice to arrange for either a larger thirty-sixth payment or a smaller 
thirty-seventh payment rather than to provide for the payment of a frac- 
tional part of the regular payment at the end of a fractional part of the 
last period. | 


Solution by Table LX X XIX 
a | += El. 
b (1.005) = #400000 1 =$1.200, 


the amount that should be accumulated from a $1 deposit at compound 
interest for 7 periods at 5%. s 


c From Table LX XXIX find in the 20 cunt 


(1.005)55—$1.19668; (1.005)? —$1.20266. 

d Again, n=36+. | 

If the value of z is beyond the limits of the table, divide the table 
limit value for a given rate of interest into the desired sum—that is 

(14-2) | 
value in table limit | 

The result of this division may then be used for (1+2). To the z 
derived from this solution should be added 7 corresponding to the limit 
of the table in order to determine the required number of payments. 





Solution by Logarithms 


Solution by logarithms may be preferred to table solutions when 
solving for the number of periods. In addition, when the rate of interest 
is not found in the table, solution by logarithms is definitely better than 
solution by interpolation from tables. 


TEST YOUR ABILITY TO SOLVE FOR THE UNKNOWN NUMBER OF PERIODS 
IN FUTURE VALUE CASE 1 ANNUITIES, RENT PAID AT END OF PERIOD 


13 A corporation estimates that it can place $5,000 quarterly into a sinking 

fund for the purpose of retiring a loan of $200,000. How many quarterly 

. payments will it take to retire the debt if interest paid is 3% converted 
quarterly? What should be the amount of the last irregular payment? 

:14 A man estimates that he can deposit $150 per quarter in a fund paying 


ut) 





UR 
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2% converted quarterly. How many years will it take him to accumulate 
$0,000? Assuming the last payment to be a regular rather than a partial 
payment, how much should be credited to his account just after the last 
payment? 
Number of periods unknown: present value—How many annual 
payments of $600 will be required to pay for a $5,000 house if interest 
is 5% per annum? 








R R R R R= $600 
A=$5,000 i= 0.05 ns? 
Fig. 13 
Solution by Table XCII 
A 
a Gg = --- 
b a {απο 
7110.05 600 
C From Table XCII find in the η column: 2131.05 = $8.86325, 
411.05 = $8.8 
d n=11 +. 
Solution by Table XC 
a ale., 
Ga 
b dac 1 — 9000) OO δ]. $0.41667 =$0.58333. 
E From Table XC find in the 5% τη vll s = 0.08468; v}?,, = $0.55684. 
n=11 +. 


Solution by Logarithms 
Solution by logarithms may be preferred to table solutions when 
pne for the number of periods. In addition, if the rate of interest is 
420 rather than 5%, the logarithmic solution is definitely better than 


solution by interpolation from tables. Therefore, even though this 
problem may be solved by interpolation from Tables XC and XCII, 
only the solution by logarithms will be illustrated. 


R Jo R R R = $ 600 
A=$ 5,000 i00475 πε | 
Fig. 14 
betie (-2 -) 
- ESSE CUIU MS log(1 +5) ° 


b By substitution: 


ΛΓ. (6,000) 00475) 
0—log [1 600 _0—log 0.604167 
DEL t 75 Tee kOe M 


n = 
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C From logarithmic tables: 

log 0.60417 = 1.781157 
log 1.0475 =0.020154. 

log 121.000000—1 

—log 0. 604167 = —0.781157 —1 

log 1—log 0.604167 =0.218843. 
By substitution, T 
=9 090154 = 10.86 years. 

TEST YOUR ABILITY TO SOLVE FOR THE UNKNOWN NUMBER OF PERIODS 
IN PRESENT VALUE CASE 1 ANNUITIES, RENT PAID AT END OF PERIOD 


15 An automobile manufacturer desires to establish a plan by which he can 
sell his cars at $25.00 per month. If he must receive 1570 per month to 


cover costs of operating the installment plan, how many monthly pay- 
ments will be required to pay for a $1,000 automobile? What should be 
the amount of the last payment if the unpaid balance is due at the time 
of the last regular payment? 


16 How many months will it take to repay a loan of $300 if interest is 35% 
per month and payments are $20 per month? 

17 How many weeks will it take to liquidate a debt of $100 if pon are 
ΦΟ per week and the rate of interest is 40% converted weekly? 

18 The benefits of a matured endowment policy call for $10,000 cash or 
$1,000 cash and an annuity certain of $100 per month until the balance is 
exhausted. If the unpaid balance is credited with interest at the rate of 
3% per annum converted monthly, how long will the monthly payments 
continue if the annuity option is selected? 


Rate of interest unknown: future value—What rate of interest 
would have to be earned for a trustee to accumulate a fund of $15,000 
in 10 years from an annual income of $1,250 per year? 


R R R R R R R R R  R2$1,250 


i=? n «IO Sn* $15,000 
Fig. 15 
Solution by Table XCI 
E 
a Smi = R 
_ $15, 000 _ 
c From Table XCI find in row ΞΙΟ: 
510i 0.04 =$12.00611 513; 912.00000 0.04 


519] 0.035 = 11.73139 S19] 0.035 = 11.73139 0.035 
$ 0.27472 $ 0.26861 0.005 . 


("9 
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0.26861 


d i-0.035-- (0.005 552475 


approximate rate of interest. 
This may be proved by the logarithmic solution for the future value 


of an annuity. 
Solution by Table LXX XIX 
The solution by Table LXXXIX will not be illustrated since it 


follows a pattern of interpolation between interest rates like the pre- 
ceding. In addition, the use of Table LXXXIX for locating the 


variables, 7 and z, 1s quite similar. 


)- 008989, 


TEST YOUR ABILITY TO SOLVE FOR THE UNKNOWN INTEREST IN FUTURE 
VALUE CASE 1 ANNUITIES, RENT PAID AT END OF PERIOD 
19 An insurance company advertises, “Save now, retire early". A premium 
of $500 per year, the first payment at age 35, will produce a fund at age 65 
of $21,189.72. What rate of interest would be earned under this contract? 
20 If 40 quarterly payments of $100 will amount to $4,566.75, what is the 
rate of interest? 
21 What is the annual rate of interest if $200 per year wil amount to 
$9,515.08 in 30 years? 
Rate of interest unknown: present value — A will provides for 
$1,000 per year for the next 10 years. If the beneficiary is offered 
$8,200 for his rights, what 1s the rate of interest? 


R R R R R R R R R R= $1,000 
A=$ 8,200 i 





27 n «lO 
Fig. 16 | 
Solution by Table XCII 
a -a | 
a ai= p 
200 
b an= 50 = $8.20. 


c From Table XCII find in row n=10: 
Ek &300.025 — 99.291001 490.025 = 0.31661 0.04 





Finds = 811090 aiqi= 8.20000 0.085 
Difference =$0.20571 Difference —-$0.11661 0.005 
, . 0.11661 
d 4 0.035 4-0.005 . 020871 = 0.03783, 


approximate rate of interest in the contract. 


Solution by Table XC 


The solution by Table XC will not be illustrated since it follows a 
pattern of interpolation between interest rates like the preceding. 
Furthermore, the use of Table XC for locating the variables, 7 and 7, 
is quite similar. 
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TEST YOUR ABILITY TO SOLVE FOR THE UNKNOWN RATE OF INTEREST 
IN PRESENT VALUE, CASE 1'ANNUITIES, RENT PAID AT END OF PERIOD Ἢ. 


22 A loan company offers to lend $100 on your furniture or automobile. 
Repayment is to be made in 6 monthly payments of $18.50, the first 
coming due one month from now. What rate of interest per month is 
being charged? 

23 A building-and-loan association advertises as follows, We will build you 
any type of house you desire .... You pay 1 per cent of the cost every 
month for the next 12 years and the house is yours." Find the approxi- 
mate interest rate charged. | 

24 The so-called 6% time-payment plan used by many banks and finance 
companies is as follows: If the unpaid balance on a new car or other 
durable consumer goods is $500, 6% is added. Then the purchaser pays 
$44.17 per month or one-twelfth of $530. What is the actual rate, 


convertible monthly? 


CASE 2. INSTALLMENT-PAYMENT PERIOD AND 
INTEREST-CONVERSION PERIOD ARE NOT EQUAL 


As has been noted previously, there is a group of contracts in which 
the interest-conversion period and the rent period are not equal. [Itis 
apparent, however, that, if the relationship between the interest- 
conversion period and the rent period in terms of compound interest 
is cast into a mathematical equation, an equation developed for the 
solution of Case 1 problems may be mathematically manipulated to 
produce an equation for the solution of Case 2 problems. 

If m equals the number of months in the rent period divided by the 
number of months in the interest-conversion period, and r equals the 
rate of interest per rent period, it may be shown readily that 

(1+2)"—1l=r or (1+2)"=1-++r. 

In Case 1 formulas, 7 has been the interest rate per rent period as 
well as the interest rate per interest-conversion period. Now, the two 
basic formulas for Case 1 will be restated with r instead of 7 so as to 
differentiate the two interest rates. | 

n 


Now, substituting in Case 1 formulas the interest rate per rent period 
in terms of the interest rate per conversion period, we get: 


ο o uui ie NEN E S 
Sys R* (-RJS-I A ; (pay  * + πα pes. 

ο σι με ποια MN cos tee S 
πι RIT ppc] ^ j agp i ^4: E 


It is apparent that a detailed analysis similar to Case 1 could now 
be carried out, solving for each of the five variables as an unknown. 
However, since the complete pattern of analysis has already been 











t 
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demonstrated, application to one future-value and one present-value 

problem should be sufficient to enable the reader to utilize effectively 

these two formulas for solving the great variety of financial problems 
: to which they are applicable. One example will be used to demonstrate 
the mathematics in a contract in which the interest-conversion period 
is longer than the rent period. The other will show the simpler mathe- 
matical relations in which the interest-conversion period is shorter 
than the rent period. One example will demonstrate the solution for 
the unknown rent; the other will show a solution for the amount of an 
annuity. One solution requires the present-value formula, the other 
the future-value formula. 


Amount unknown: future value: interest-conversion period longer 
than rent period—A man decides to deposit $100 per month in a 
building-and-loan association which pays 3% converted quarterly. 
How much should he have on deposit at the end of 3 years? 


RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR REF 100 
C En ee, S O eS SS We OO De ee 


mei” n=36 is 3% — 
Fig. 17 
Ὁ (+A™-1 
i SU PHT 
η a (1.0075) 2 —1 
b Sma 79100 C O0753 — Tr 
c From Tables XCIV and LXXXIX: 
0.09381 
Sma 779100 - 0.00249 09.107,40. 


Rent unknown: present value: interest-conversion period shorter 
than rent period—A farmer desires to liquidate a $10,000 loan in 10 


equal annual payments. If the interest is 5% converted quarterly, 
what should the annual payment be? 


R R R R R R R R R R=? 
oh tt —————— —4 
^ 
Amn *$10,000 m=€=4 n=10 1= 0.0125 
Fig. 18 
a κ gU NN 
mn m sti 
E R= Amn * Sali * 7 


) * Fractional values for m are given in Table XCIV. However, values for Sm}; when m is a fraction are not 
given in tabular form. 








1110 PRACTICAL MATHEMATICS 








b [S ATTE E 
100.0125 
ο R=$10,000 . 4.07563 . 0.03192 2 $1,300.94. 


TEST YOUR ABILITY TO SOLVE CASE 2 ANNUITIES, 
RENT PAID AT END OF PERIOD 


25 A man desires to pay off a debt of $3,000 with interest at 595 per annum 
in 24 equal monthly payments. What should be the monthly payment? 

26 A television set is purchased for $400 with a down payment of $100, the 
unpaid balance and finance charge to be paid in 12 equal monthly pay- 
ments. To determine the monthly payment, add 6% of $400 to the $300 
as a finance charge and divide the result by 12. What effective rate of 
interest is charged? 

27 A young man 1s planning to accumulate an estate. He estimates that he 
can save $50 a quarter for the first 5 years, $75 a quarter for the second 
9 years, and $100 a quarter for the next 10 years. If he can obtain 3% 
converted semi-annually, how much should he have to his credit at the 
end of this 20-year period? 

28 A father calculates that he can place $400 a year in a fund to provide 
his boy $100 per month for 4 years of college, the first $100 payment to 
be made one cae after the last $400 payment. If the investment can be 


made to yield 35% converted semi-annually, how many years should the 


$400 payment be made? 

29 A man bought a house for $5,000. He agreed to pay off this loan principal 
and interest with $150 quarterly payments. After paying for 10 quarters, 
he wishes to know how much he still owes on the principal. Assume inter- 
est at 595 converted semi-annually. 

30 A professional man aged 30 was projecting a savings plan to age 60. He 
assumed that he could save twice as much per year for the second period 
of five years as for the first period of five years, half again as much 
per year for the third period of five years as for the second period of 
five years, fifty per cent more per year for the fourth period of five 
years than for the third period of five years, and twenty-five per cent 
more per year for the fifth and final period of ten years than for the 
fourth period of five years. How much per annum should he deposit in 
each of these years in order to have $25,000 when 60 years of age if a 
trust company will pay him 3% per annum converted semi-annually? 


Installment payments at beginning of period—annuity due 


Many important installment contracts provide for the periodic pay- 
ment to be made at the beginning rather than at the end of the period. 
It easily may be observed that in the annuity-due contracts each 
periodic payment is discounted one less period in present value and 
earns interest for one more period in future-value contracts than in 
ordinary annuity. This indicates that there is a simple relationship 
between the mathematical formulas for solving annuity due and those 
for solving ordinary annuity problems. 





1111 





CASE 1. INSTALLMENT-PAYMENT PERIOD AND 
INTEREST-CONVERSION PERIOD COINCIDE 

The general time chart for the future value of Case 1 ordinary 
annulty is shown in Fig. 19. The 
general time chart for the future i à à E à 
value of an annuity due 1s shown in 4 
Fig. 20. It now may be observed i 
that, if a payment of R is assumed 
to be made at the time of the future valuation, the time chart would be 
represented as in Fig. 21. It is now apparent that the formula for the 
future value of an ordinary annuity 
for one additional period could be 7 : n ji j 
used to solve problems of this type if 4 5 
the assumed final rent actually were Fig. 20 ^ 
made. The formula then would be 


Fig. 19 


Anti 
S,= RTK Soe 


The last R is not actually paid; therefore, it should ‘be subtracted 


trom the right-hand member of the pg R R R R R 
equation in order for the equation == 

to fit the situation of an annuity ο, 
due. The formula then becomes: Fig. 21 


ο SR eem N [a]. 


Similarly, the time chart may be used to visualize present-value 
annuity-due formulas in terms of ordinary-annuity formulas. The 
general time chart for the present R R R R R 
value of an ordinary annuity is pm 
given in Fig. 22. The general time A . 
chart for the present value of an Fig. 22 
annuity due is presented in Fig. 23. It may be observed that, if the 
first payment of R is assumed not to be made, the time chart would 
take the form shown in Fig. 24. It 


is now apparent that the formula RR A n R 
for the present value of an ordinary } 

ry 9 d 
annuity for one less period could be ^ Fig. 23 


used to solve problems of this type if 
the first payment actually were not made. The formula then would be 
k ας: A = 39 R R R R R 
ο το ET 
d A C Fig. 24 

Since the first R is actually paid, it should be added to the right-hand 
member of the equation in order to fit the situation of an annuity due. 
The formula then becomes: 


A47 ίση, tl) =R [— 9327 * 1] à 
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A complete analysis of the types of problems which may be solved 
with each of the formulas, present and future values annuity due, 
would demand specific application to problems requiring respectively 
solutions for each of the four variables or eight types of problems. 
Again, however, rather than elaborate the explanation, we shall merely 
direct attention to the complete pattern of analysis shown under Case 1 
ordinary annuities and present two illustrative examples. 


Reni unknown: future value: rent paid at beginning of period— 
What semi-annual payment beginning now will be required to accumu- 
late a fund of $10,000 in 5 years if interest is 4% converted semi- 
annually? 

R R R R R R R R R R= 7 


n=10 i- 0.02 Sag # $10,000 
Fig. 25 i 
a Sna = Ε(οπττι;--1). 
b $10,000 = R(si1o.o2 — $1). 


c From Table XCI: 
$10,000 = R($12.16872 —$1) = R($11.16872). 


< $10,000 _ 


Number of periods unknown: present value: rent paid at begin- 
ning of period—How long will it take to pay for an automobile valued 
at $1,000 if the rate of interest is 2% per month on the unpaid balance 
and the monthly payment is $50, the first payment due at time of 
purchase? 


R R R R R= $50 
ns | . . . e a . © » . " 9 ¢ ° . e ο . es 
Ad= $1,000 n=? i = 0.02 
Fig. 26 
a 4327 R(ag-W4- 1). 
b $1,000 — $50 (257110.0 3-91). 


¢ From Table XCII: — 
az ms op 81 =$19.00, 
d n—1=24 with a larger than regular final payment or 
25 with a smaller than regular final payment. 
n=25 or 26 months. j af 
TEST YOUR ABILITY TO SOLVE CASE 1 ANNUITIES, 
RENT PAID AT BEGINNING OF PERIOD 


31 A real estate company wishes to know the amount of the quarterly 
payment, the first payment to be made at time of purchase, necessary to 
pay for a $5,000 house if interest is 5% converted quarterly and the house 
is to be paid for in 10 years. 


"m 
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32 A father wishes to accumulate a fund for his daughter’s education to be 


available at the time she is 18 years of age. He deposited $300 in a 
trust fund paying 3% converted semi-annually on the day of her birth and 


‘each 6 months thereafter until she was 175 years of age. What should be 
credited to the daughter' s account upon her eighteenth birthday? 


33 ‘The option of an insurance policy provides for $5,000 in cash or equal 


annual payments for 15 years, the first payment due at once. What should 
be the annual payment if interest 1s allowed at 395 per annum? 

34 An electrical appliance is sold on terms of $10 a month for 24 months, 
the first $10 due at time of purchase. οι is the equivalent cash price 


if interest is computed at the rate of οἱ 5/0 per month? 


35 How much is still owed on the m in problem 34 just before 
the tenth payment is made? 


36 Compare (1.04) sétto.o4 with «σπο.οἱ--]. How do you explain this rela- 


tionship? 

37 (a) How many payments will have to made to pay for a $10,000 loan if 
pu of $250 are made at the beginning of each quarter and interest 
is 6% converted quarterly? (b) How much will be due just after the 
fifteenth payment has been made? 

38 What 1s the interest rate in a contract for the purchase of an automobile 
under the following terms: 

Total cost price $457.13 


Total down payment 187.00 
Deferred balance $270.13 
Time sales mark-up 147.23 
Time balance $438.36 


The debt is to be liquidated in 12 equal monthly payments of $36.53. 


CASE 2. INSTALLMENT-PAYMENT PERIOD AND 
INTEREST-CONVERSION PERIOD ARE NOT EQUAL 


Utilizing the procedure for converting Case 1 formulas to Case 2 


formulas previously outlined, of substituting the interest rate per rent 
period in terms of the rate per conversion period, we re-state the 
annulty-due formulas of Case 1 as: 


FUTURE VALUE 


Oe. ΙΙ -ᾱ] R. (14iy™"t*™—J—(147"+1 


 (ü42"—1 δν 
aroraa png a μα m 
A+- A+A] i I0” nli * ds 


PREsENT VALUE 


1 
μεσα ανα | | 
t-n| πμ | ap EDT - EDN 


(14-2)^—1 ο που Ἡ 
jo pene σα 1 
με τοπ πο ee 


These two formulas make possible the solution of ten specific types of 
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problem. This results from the fact that each of the two equations 
contain five variables which, respectively, may be the unknown in a 
different kind of financial contract or agreement. 

It is apparent that both these formulas, however, result in patterns 
of related variables which have previously been demonstrated. There- 
fore, the reader should be able to make effective application of these 
formulas without any illustrative solutions. 


TEST YOUR ABILITY TO SOLVE CASE 2 ANNUITIES, 
RENT PAID AT BEGINNING OF PERIOD | 

39 To pay for a loan of $6,000, principal and interest, C agrees to pay R 
dollars at the first of each month for 3 years. Assuming a rate of 5% 
quarterly, find R. | 

40 An option in a $5,000 matured endowment policy allows $100 per month 
beginning immediately. How many certain payments should be received 
if interest 1s 3% converted quarterly? 

41 Compute the monthly rent necessary to produce a sinking fund of 
$100,000 in three years. Assume an interest rate of 8% converted quar- 
terly, the first deposit to be made immediately. 


Installment payments deferred or terminated 


Another major group of installment contracts is characterized by a 
time interval between the present value and the first rent payment 
which is more than one rent period. This group of contracts is often 
referred to as deferred annuities. 

The parallel future-value class of β R R 
msta ment contracts is diee ft etes eiiis 
tiated from previous classes by a  ^df 

time interval between the future Fig. 27 

value and the last rent payment 

which is greater than one rent period. This type of periodic payment 
is here called terminated annuity. As in previous analyses, problems 
of these two major types will be divided into Cases 1 and 2. 


CASE 1. INSTALLMENT-PAYMERNT PERIOD AND 
INTEREST-CONVERSION PERIOD COINCIDE 


A deferred annuity may be charted as in Fig. 27. A deferred annuity 
may be transformed to an ordinary annuity by assuming that the de- 
ferred rents were paid, as in Fig. 28. 

Let & stand for the number of R R R  R R 
assumed or unpaid rents. Then an. t mmm 
examination of Fig. 28 will disclose df 

that the present value of a deferred Fig. 28 

annuity may be expressed as the 
difference between two ordinary annuities. This relationship may be 


expressed in equation form: | 
P ο ο] -α- η ο 1—(04-2)^* 
Ag = Ran Mi— τε] 1) 4 νε... : 
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A terminated annuity may be charted as in Fig. 29. By assuming 
that the terminated rents were 


paid, we may convert the terminat- R R R 

ed amiuity into an ordinary dus 1| °° «== == στη 
nuity. The chart then would be | St 
like Fig. 30. The value of the ter- Fig. 29 


minated annuity may be expressed 

as the difference between two future-value annuities: 

[HEt] 
Pm ------------ Ι. 


S,7 R(zxui—suu)-R ; 


At this point, the reader is again called upon to use his imagination 
to project the pattern of analysis 


necessary to encompass the ten R R R R R 
types of financial problems which ''.'.------------------------- 
may be solved by these two basic St 
equations. These ten types of Fig. 30 


problems result as each of the five 

variables in each of the two equations is respectively considered as an 
unknown. Only one type problem for each of the two formulas will be 
presented as an introduction to this projected analysis. 


Amount unknown: deferred annuity: Case 1—How much should 
be deposited in a fund paying 2% converted quarterly at age 50 to 
provide 10 quarterly payments of $1,000, the first payment due at 
age 53? 


en =e - =P f= -- +e - 


5 bi 52 53 54 99 
Τα k= I i= 0.005 n=10 
Fig. 31 
a A357 R(az xg i— απ 
b Aas 7 $1,000 (zzi 0.005 — 411 0.005). 
ο 71457: $1,000 ($19.88798 —$10.67703) =$9,210.95. 


Amount unknown: terminated annuity: Case 1—How much 
should be in a fund at the end of 5 years if $500 semi-annually is de- 


posited for the first 3 years, assuming money worth glo, converted 
semi-annually? 2 


$500 =R R R R R R R R R R 
| n=6 i= 0.0125 k4 —— $2 
Fig. 32 
a $,2 R(sz xy i— η). | 
b S, — $500 (s101 0.0125 — SF 0.0125). 
ς $, $500 ($10.58167 —$4.07563) = $3,253.02. 
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CASE 2. INSTALLMENT-PAYMENT PERIOD AND 
INTEREST-CONVERSION PERIOD ARE NOT EQUAL 


_ Here, too, the procedure previously introduced of substituting the 
interest rate per period in terms of the interest rate per conversion 
period will be used for converting Case 1 to Case 2 formulas. The 
results are: 


DEFERRED ANNUITY—PRESENT VALUE: 


B 1— (1--2)-"et*» M 1—(14-7)-"* 
d: κ] d4x-r -]-L ar | 


ee {45 A [ato yt . Ra 


1 
=R (amarik 4mm) P. 


Smli 


TERMINATED ANNUITY—FUTURE VALUE: 


ΠΤ | Loy] 


Lg [zem B e . HT 


1 
=R (Sel ES) <= 
mli 


s=R | (1--i)"e*9—1 (1--2"*—1 I 


TEST YOUR ABILITY TO SOLVE CASE 1 AND CASE 2 DEFERRED AND 
TERMINATED ANNUITIES 


42 It is estimated that a grove will provide an income of $10,000 per year 


43 


dá 


45 


for 5 years. The first income is assumed to be available 6 years from 
now. After that, it is estimated that the grove will produce $15,000 per 
year net on the average for 20 years. If interest 1s assumed of (a) 597, 
(b) 6% effective, what is the present value of the grove? 

A professional man aged 30 is projecting a savings plan. He believes that 
he can save according to the following schedule: $500 per year for the 
first D years, the first deposit at age 31; $1,000 per year for the next 
5 years; $2,000 per year for the next 10 years; and $2,500 per year for 
the next 10 years. How much should he have to his credit at age 60 if a 


trust company will pay him 25% per annum? 


A machine is worth $10,000. Terms are arranged as follows: $2,000 cash, 
$200 per month for 2 years, then $300 per month until paid. The final 
monthly payment is to be a fractional payment. These payments provide 
for repayment of principal and interest at 12% per annum converted 
monthly. (a) How many payments will it take to pay for the machine? 
(b) What should be the amount of the final fractional payment? 

An all-expense tour was purchased for $750.00 on June 15, with interest, 
in 10 monthly installments, the first payment due October 15. If we 
assume interest at 9% converted monthly, what should the monthly 
payment be? 
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Perpetual installment payments 


Still another group of installment arrangements 15 characterized by 
the assumption of an infinite number of payments. It is at once 
apparent that the future value of an infinite number of installments is 
meaningless. It will be shown, however, that, mathematically, the 
present value of an infinite series of payments is converging and there- 
fore can be made to show a finite result. An infinite series of regular 
periodic payments is called a perpetuity. Equations and illustrations 
of this class of installment will be limited to Case 1. | ' 


DERIVATION OF PERPETUITY FORMULA 


The formula for a perpetuity is easily derived from the formula for 
the present value of an ordinary annuity. Substitute œ for n and d 
for «4 in the present value of an ordinary annuity formula; the follow- 
ing results: 

1— ΒΡ 
AFF R 
τω. 


Ag =R- 


Observe that there are three variables, each of which may be un- 
known in a particular type of problem. Here, however, only one type 
will be shown. 


Present value unknown: perpetuity—What is the amount of a fund 


necessary to provide a $40,000 per year endowment for the upkeep of a 
library, if money is worth 2% per annum? 


R R R R R R=$ 40,000 
πμ AIR ME ο CLE Sd ως. 
Aco"? i=0.02 nis eo 

Fig. 33 
a Ag =" 
| $40,000 
b 4, —7 502 
c 4., — 82,000,000. 


DERIVATION OF CAPITALIZED-COST FORMULA 


One of the variations of a perpetuity is referred to as capitalized 
cost, the fund necessary to provide both a present amount with which 
to purchase an asset and a fund which will produce sufficient income 
to provide a sinking fund accumulating regularly to a predetermined 
amount at regular intervals. Usually, this periodic fund is to be used 
in reconditioning or replacing the original asset. | 








1118 PRACTICAL MATHEMATICS 





‘If “Cy = capitalized cost 
O =original cost of asset 
W=periodic replacement cost 
k =number of periods between replacements 
i --rate of interest earned per period earned by the fund 


. t .rent necessary to accumulate W every k years in a sinking fund 
Sg, Paying rate of interest, | 
capitalized cost may be charted as in Fig. 34. 


i T ΗΝ Ἵν m 
oes 
^ -- ^ ^ 
Coo W W 

Fig. 34 l 


The formula for capitalized cost then may be derived merely by 
showing the sum of the original cost of the asset and a fund to provide 
sufficient interest periodically as a deposit in a sinking fund to ac- 
cumulate W every k periods. The fund necessary to provide per- 


petually the periodic sinking-fund deposit, W - x 1s merely the present 
1 k|* 





value of a perpetuity, or = It should be noted that the rent, W- = 9 


kit 
is needed in perpetuity because at the end of each k periods the sinking 
fund accumulated to that point in time is spent. | 


CAPITALIZED-Cost FORMULAS: 





ΠΣ W 1 











If O and W are of equal value, then the equation may be written: 


| 1 AE W 1 


E. 2-384 ; ΘΗ; 


J Here again it may be noted that the first of these equations is com- 
posed of five variables and the second of four. Only one direct appli- 
cation of capitalized cost will be illustrated. 


Capitalized cost—What is the amount of a fund sufficient to 
finance the construction and equipping of a $500,000 hospital and pro- 
vide for the renewal of $100,000 worth of equipment every 10 years? 
Assume money is worth 4% per annum. 
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«9500000 | 
| Veg aa νε νος Μος μος Weis Wan ας m Payee ln 
^ 
Coo? 7 1:004 kslO W=$100,000 
Fig. 35 
WwW 1 
a dm = Ot 9 58; 
$100,000 1 
b Ξ $500,000-+ TTIT EE SN 
c C. =$500,000-+ ($2,500,000) - (0.08329) 
d Cy = $708,225.00. 


The concept of capitalized cost also may be utilized effectively to 
determine which of two or more assets are more economical when they 
perform the same function equally well but have different costs and 
different probable lives. 

Comparative capitalized costs—A taxicab company has been using 
cabs that cost $900 each and these must be replaced every 4 years for 
$700. How much could the company pay for cabs that would last 6 
years with a salvage value of $250 if money is assumed to be worth 7% 
converted semi-annually? 


0$900 Wis Wa: Wei: Weir Wisi Wisi: Ws: Waa $700 Sglooss | 
NEL UNE e AE WE ea eS nn 


e è ο» j αυ. 


4 ^ 
Coot? — 1.0035 ke 8 bos 
; Fig. 36 
2? Week wee wee wel wet w. gm 
o7? VC Si ες ρε WG Wes 2Skii West wal. Wag W T Wag V μις Wis Wer Tm 515] 0035 


+ 
=? 20- 
Coog*? koe 12 520035 νο Ος- $250 
| ο. Fig. 37 


a Ce -04 7. E (for Figs. 36 and 37) 
$700 1. 


b λα, - 085 ' th oux ; Substituting i in a from 36) 
250 l 
ο ο. oun” 0 . πι (Substituting in a from 37) 
d Let b equal c; ea 
— $250 T $700 1 — 
Or σας 0035 - JT8 0.035 BREUI ΠΠ σοι... 


0.035 02+ (O2 — $250) (0.06848) = (0.035) ($900) + ($700) (0.11048) 
0.035 O2+0.06848 O —$250(0.06848) —$31.50--$77.34 
0.10348 O0, — $17.12 = $31.50-- $77.34 | 
0.10348 O: — $31.50 -- $77.34 4- $17.12 — $125.96 
O5 —$1217.24 








1120 PRACTICAL MATHEMATICS 





TEST YOUR KNOWLEDGE OF CAPITALIZED COST 


46 A tennis court costing $5,000 was given to a college. In addition to the 
original cost, it was estimated that $3,000 would be required every 15 
years to recondition the court. How much should the gift be, if, in addi- 
tion to these, a fund is established to provide $900 a year for main- 
tainance? Assume interest earned on the funds at 3% per annum. 

47 A British consol pays $2,000 per year in perpetuity. What is the value 
(0 29 ΠΡ if the market rate of interest is (a) 6%, (b) 5%, (c) 4%, 

04 

48 What is the value of a farm which has a net annual income of $10,000 if 
interest is 6%? 

49 A city engineer is attempting to decide between two types of paving 
surface which are equally satisfactory for the purpose at hand. A costs 
$13.50 per square yard with an estimated life of 25 years; B costs $9 per 
square yard with an estimated life of 15 years. Which should he choose? 
Assume money worth 5%. 


Amortization schedules 


The manager of an installment finance business wishes a schedule 
prepared for a 12-months’ contract to liquidate a debt for $300 at an 


interest rate of 15% per month. 


R R R. R R R R R R R R R=? 
MM MÀ nesenas er — M9 a a aa aaa an aeaaea mene | 
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A*$300 i= O0l5 nl? 
Fig. 38 
1 
a Re a 
Gg i 
iL 
b R=$300 . 
4 19]0.015 
ο R=$300 (0.09168) — $27.50. 
AMORTIZATION SCHEDULE 
AMOUNT OF LOAN PERIODIC RENT AMOUNT 
PERIOD AT BEGINNING oe Ἢ NECESSARY TO AVAILABLE TO 
OF PERIOD ΚΕΡῚ LIQUIDATE DEBT REDUCE DEBT 
1 00.00 $4.50 $27.50 $23.00 
2 277.00 4.16 21.90 23.34 
3 253.66 3.81 27.50 23.69 
4 229.97 3.45 27.50 24.05 
5 205.92 3.09 27.50 24.41 
6 181.51 2.12 27.50 24.78 
7 156.73 2.39 27.50 25.15 
8 131.58 1.97 21.50 25.53 
9 106.05 1.59 27.50 25.91 
10 80.14 1.20 21. 26.30 
11 53.84 0.81 21.50 26.69 
12 2415 0.41 21.50 27.09 


Note that the amount available to reduce the debt ($27.09) is not equal 
to the amount of the loan at the beginning of the period ($27.15). However, the 
difference is only 6 cents, which is just one-half the number of periods. Usually 
the difference in cents should be considerably less than one-half the number of 
periods but in no case should the difference in cents exceed one-half the 
number of periods. 
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COMPARISON BETWEEN THE SINKING-FUND AND 
AMORTIZATION METHODS OF CAPITAL FINANCING - 


Many capital loans both by industry and by political subdivisions 
are made some upon an amortization method and others upon the basis 


of a straight loan with a sinking-fund accumulation to ensure payment 
of the loan when due. 


Illustrative Example 


A corporation treasurer is interested in knowing the difference in 
the semi-annual cost by each of these two methods. Assume that the 
corporation wishes to borrow $1,000,000 to be repaid in 10 years. 
Assume further that the market rate of interest for the type of risk 
which it represents is 5% converted semi-annually. Still further 
assume that a trust company has agreed to accept the semi-annual 
deposits under the sinking-fund arrangement at a rate of 3% per 
annum converted semi-annually. 


Amortization Plan 


R-R ROR RRR RRR RR R-R& R R^R RER εφ. 
ae ee a ne ce ne 





t 
A=$1,000,000 i=0.025 n= 20 
Fig. 39 
1 
a ° 
? ν ani 
b = $1,000,000 (0.06415) = $64,150, 


the semi-annual SERIE necessary to liquidate loan principal and i interest in 
10 years. 


Sinking-Fund Plan 


It 1s apparent that the regular semi-annual interest payment due to those 
from whom the corporation borrowed would be $25,000. To this should be 
added the semi-annual payment necessary to accumulate $1,000,000 into the 
sinking-fund. This payment may be derived as follows: 


RRRRRRRRRRRRRRRRRRR Rs? 
pmmrÓÓÓÓMM——MM—M—M——M MM 





t 
i*0.015 nz20 Sp $1,000,000 
Fig. 40 
a R-$,- ; 
Jq i 
b 7 = $1,000,000 (0.04325) = $43,250 


Thus, the Ἔσο plan would cost $68,250 semi-annually compared 
to $64, 150 by the amortization plan. 
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MATHEMATICS APPLIED TO MONEY AND BANKING: 
By Kenneth Lewis Treffizs, Ph.D. ! 


OR our final article on the mathematics of finance, we come to a 

discussion of mathematics as applied to money and banking. The 
average reader of the financial columns in the daily newspapers and 
of economics articles in current magazines has been made familiar 
with most of the expressions which are introduced, but probably few 
have more than a hazy idea as to exactly how the processes to which 
. the terms refer are carried out. 


BANKING FORMULAS | Before undertaking to deal with problems 
AND DEFINITIONS | οἱ converting monies from one standard of 
| currency to another or of computing the 


value of stocks and bonds, one must have some understanding of the 
principles employed by bankers, arbitragers, and brokers. A knowledge 
of the line of reasoning which underlies certain transactions will 
help one in seeing exactly how to arrive at similar computations. 


| Mint price 


In the discussion of monetary standards, the term, mint price, is 
commonly used to indicate the price for the monetary metal (gold or 
silver) at the country's treasury. From 1837 to 1933, the dollar of 
the United States was composed of 0.900 fine gold and 0.100 alloy, 
and the total weight of the coin was 25.8 grains. The dollar, therefore, 
contained 23.22 grains of pure gold (90% of 25.8). A troy ounce of 
gold or silver weighs 480 grains troy. Thus, an ounce of gold furnished 
sufficient metal to coin 20.67 dollars. 


480 
ρα ος $20.67. 


In this case, $20.67 is referred to as the mint price of gold. 


Acting under authority vested in by him by Congress, the President 
on January 31, 1934, issued a proclamation reducing the weight of the 


dollar from 25.8 to 1551 grains with the fineness unchanged at 0.900. 


Thus, the pure gold content of the dollar was reduced from 23.22 
grains to 13.71 (actually 13.71428) grains. The new mint price is: 


180° ux. 
1371428 - 999 00. 


Since the pure gold content of the dollar was decreased from 23.22 to 
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13.71, it is sometimes said that we devalued the dollar by à total of 
40.95 per cent. 
(23.22 — 13.71) +23.22 2 40.95 per cent. 


The same fact is sometimes stated in another way by saying that the 
- price of gold was raised by 69 per cent. 
($35 —$20.67) +$20.67 =69 per cent. — : 


Both are true statements, but one is based on price, the other on weight. 


‚Mint and market ratio 

In 1792, Congress adopted a bimetallic system; rather than one 

standard money, we had two, both gold and silver. Under this. Act, 

E: the gold dollar contained 24.75 grains of pure gold. (What was the 

| mint price?) | LAE 
By the same Act, the silver dollar was to contain 371.25 grains of 

pure silver. The mint price of silver was thus fixed at 


480 
37135-9129. 


It can be seen that the ratio between the. two metals at the mint was 
15 to 1. This ratio is called the mint ratio; it is found by comparing 
371.25 


2475 or the mint 


either the weight of the two standard monies ( 


prices ( i s. of the two. 





When in 1837 the weight of the gold in the dollar was fixed at 23.22 
grains, and the pure silver content of the silver dollar was unaltered, 
s: (equal to 15.99 to 1) was established. The mint 

price is fixed by law and continues until changed by the necessary 
| action of the legislature. : 
| Because gold was generally used as a monetary metal during the period ~” 
ie from 1834 to 1934, the market price throughout the world continued until | 
| | 1934 at about $20.67 or its equivalent, but during the same period the market 
price of silver in terms of gold fluctuated with changes in the supply and 
demand. When the market price of silver fell below $1.29 an ounce, holders 
of silver bullion preferred to sell it to the mint at $1.29 an ounce. x 
The relation between the price of silver and the price of gold in 
the market is referred to as the market ratio. Whenever the price 
of silver dropped below $1.29 an ounce, this ratió would rise above 
the mint ratio, and silver would flow to the mint. Thus, if the price 
of silver were $1.20 an ounce in the market and gold stood at $20.67, 
the market ratio would be 
$20.67 
$1.20 


a mint ratio of 





— 17.22 to 1. 


[^ If the price of silver rose to $1.35 an ounce, silver would flow to the 
| market, and silver dollars could be profitably sold as bullion. 
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. One silver dollar would bring $1.04 in the bullion market, since - 


371 25% | 
παρ X$1.35 = $1.04. 


Under such circumstances, the market ratio would be 15.3 to 1, since - 


$20.67 - 
egg 193, 


which is under the mint ratio. When such a condition prevails, the 


silver is said to be undervalued for circulation purposes and tends to 


disappear from circulation. 
Recently, there has been much demand on the part of certain 
senators for the re-adoption of the bimetallic system at a ratio of 16 to 1. 


Mint par of exchange 


When all nations have a monetary unit defined in terms of a fixed 
quantity of gold, then each currency bears a constant relationship 
to every other currency, and for all intents and purposes an inter- 
national currency comes into being. For this reason, the gold standard 
is often referred to as the international gold standard. 

. . Before 1934, the United States dollar weighed 25.8 grains and was 
only 0.900 fine. At the time Great Britain went off the gold standard 
in 1931, the weight of the British monetary unit, the pound sterling, 


was fixed at 123.274 grains of standard gold. Standard gold is fine. 


Although the two monetary units differed in fineness, it is easy to 

find the pure gold content: 
DEX? 123.22 and 

and it was the pure gold content which determined their relative 

values. When the pure gold contents are compared, we speak of the 

- quotient as being the mint par of exchange. In this case, it would be 

- ij 113.00116 

9399 4.9566. 


In pure gold content, the pound sterling was equivalent to approxi- 
mately $4.87. This figure, $4.87, is usually referred to simply as the 
par of exchange, or parity. In the same way, when both countries 
compared were on a gold standard, the relation between dollars and 
francs, pounds and marks, marks and francs, and dollars and marks 
was relatively fixed. Between any two currencies based on and readily 
— convertible in gold, a fixed ratio existed. This mint par of exchange 
depended, in the final analysis, not on the coins themselves but on the 
legal definitions of the coins; in many instances, the coin itself might 
. not even be minted. Nonetheless, a ratio could be determined which 
remained the same until the legal definition of one of the coins was 
changed. | | : 





ο. X11 115.0116; 
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TEST YOUR KNOWLEDGE OF MINT AND MARKET PRICES 


1 If our gold dollar contains 13.71 grains of fine gold, and if we should 
adopt the bimetallic standard at a ratio of 16 to 1, what would be the 
pure silver content of the new silver dollar? 

=- 2 What would be the mint price of silver? 

3 The world market price of silver is about 45 cents a troy ounce under 
war-time conditons; the price of gold, $35 an ounce. What is the present 
market ratio? 

4 Since the gold content of the dollar has been reduced to 19.71 grains, 
what is the mint par of exchange with the pound sterling when the pound 
sterling contains 113.00116 grains of pure gold? What would be the gold 
content of the Portuguese escude if the mint par of exchange between it 
and the dollar was 7.4831 cents? 


CHAIN RULE ΄ 


In exchange computations, use is often made of what is referred to 
as the chain rule, a simple arithmetical operation of connecting a 


series of simple equations and establishing a comparison between two 


quantities not directly related. In order to find the number of dollars 
equal to a pound on the basis of the data given in the preceding 
problem, we should proceed as follows, using the chain rule. 

The first link of the chain must be the unknown quantity, and the 
last link must be in the same denomination. In the example given, 
this is dollars. The left-hand side of each equation must be in the 
same denomination as the right-hand side of the preceding equation. 
If the first link of the chain is the unknown quantity, it will then be 
equal to the product of all the numerical links on the right, divided 
by the product of all the numerical links on the left. 


_Llustrative Example A 


How many dollars equal one pound? 
£1 =123.274 grains standard. 
12 grains standard=11 grains fine. 


9- grains fine=10 grains id fine 


10 
2 fine =$1. 


123.274x11x10x1 
12x9x25.8 


25.8 grains 
=$4.8665. 


Illustrative Example B 


How many francs equal one pound? 
. Prior to the devaluation of the franc in 1936, and the devalusdon 
of the dollar in 1934, the dollar contained 25.8 grains (or 1.67177 grams) 











of gold > fine; the franc, 657 milligrams of gold = fine; the British 
pound, 7.98805 grams of standard gold. | 
£1=7.988 grams standard. 


12 grams standard =11 grams fine. 





9 grams fine=10 grams 2 fine. 


65.5 grams = fine = 1,000 francs. 


7988x11xX10Xx1,000 ,, 
Tr xIx ο 
Therefore, £1 equals 124.21 francs. 


Illustrative Example C 


How may dollars equal one franc? 9 
. Both basic coins are defined as given weights of gold, 10 fine; therefore, it 


is not necessary to find their pure gold content since the relationship between 
the total weight is the same as the ih E between their pure gold con- 
tents. This relationship may be expressed as follows: 


0.0655 grams in 1 franc _ 
CLOTIUT ο gE 99918. 


Thus, it is seen that one franc was equal to 3.918 cents. The accuracy 
of this calculation may be checked in the following manner: 
£1=124.21 francs 
1 franc —-3.918 cents. 


The number of francs in a pound sterling, times the number of cents in a 
franc, should equal the number of cents in a pound sterling. 


124.21 X0.03918 =$4.8665. 


Thus, we find that the pound is equal to $4.8665. Since we found the 
pound equivalent to the same amount in calculating the ratio between the 
dollar and the pound, we can assume that the calculated ratio between the 
dollar and the franc is correct. If one franc is equal to 3.918 cents, then 


$1 must be equal to om rg 2552 francs. 





Gold points 


The fact that currencies bear a fixed ratio to one another does not 
mean that they will circulate freely in either country. The significance 
of the gold standard as an international standard is not that the coins 
of one nation will pass freely in another country, but that a fixed 
relationship exists between their monies. This fixed relationship has 
its greatest significance in foreign exchange; that is, in exchanging one 
currency into another or in making remittances abroad. Thus, an 
American importer owing £205,486.49 and wishing to make payment 
in England could ship gold, and the English creditor could accept it by 
weight and have it converted into English money . When both countries 
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were on a gold standard, the cost of shippin 
somewhat as follows: 
Cost of gold coins (£205,486.49 at $4.8665) $1,000,000 


g gold would have been 


Ocean freight : 

Bullion brokerage 250 
Insurance 450 
Packing 50 
Handling 200 
Treasury commission 2,500 
Bill of lading 50 
Total cost $1,006,090 


The actual cost to him to make such a payment would have been $1,006,090, 
or the equivalent of $4.896 for each pound sterling he paid. 

$1,006,090 — 

£205,869 7 4890. 

This figure, 4.896, is the gold export point, and rather than pay more than 
this amount, the importer would ship gold to satisfy his obligation. 

The lower limit on exchange fluctuations is determined in a similar 
manner. Assuming shipment equivalent to $1,000,000, the gold import 
points, or lower limit of exchange fluctuations, if the conditions listed 
below prevailed, would be calculated as follows: 

Cost of the equivalent of $1,000,000 in 


pounds sterling at $4.8665 £205,486.49 
Bullion brokerage 50 
Ocean freight 515 
Insurance : 90 
Packing 10 
Handling 65 
Treasury commission 515 
Melting charge 5 
Customs entry 1 


£206,737.49 
Under the conditions given, in order to transport the equivalent of 
£205,486.49 in gold, we must incur a cost of £1,251. The net value of the 
ounds received is equivalent to $4.837 a pound, A total expenditure of 
£206,737.49 was made to ship the equivalent of $1,000,000. τ 
| $1,000,000 
£206,737.49 δν 
This figure, 4.837, would be called the gold import point, and would establish 
the lower limit for fluctuations in the exchange rates between the two countries 
as long as the conditions listed above prevailed. | 
It should be noted, however, that any increase in the expense of | 
shipping gold increases the spread—that is, raises the gold export 
point and lowers the gold import point—while any decrease narrows 
the difference between 1mport and export points. 


CONVERSION OF | Foreign-exchange rates may be defined as 
FOREIGN MONIES | Prices at which foreign exchange is bought 
! M — and sold. To buy "foreign exchange" on 





London, for instance, is simply to buy a draft, or bill of exchange, 
ordering someone, usually a bank, to pay a certain sum in pounds 
sterling in London to the designated payee. The first calculation 
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which might arise in this connection is the conversion of one money 
into another. This is a relatively simple matter when dealing with 


your own currency, but at first glance it appears more difficult when - 


dealing with two foreign currencies. A few examples, however, will 
show the relative simplicity of such conversions. 
In dealing with English money, it is necessary to know that: 
12 pence (124.) =1 shilling (1s.) and 20 shillings (20s.)=1 pound (£1).* 





Illustrative Example A 
Convert $22.80 into sterling at the rate of £1=4.50. 
STEP 3 EXPLANATION COMPUTATION 
a Divide 22.80 by 4.5; multiply quotient, 5, by 4.50; £5 15.44. 
subtract. | 4.50) 22.80 
22.90 
b The remainder of 30 obviously cannot be converted 30 
into a whole pound. The next step is to multiply 
the remainder, 30, by the number of shillings in x20 
a pound. | 600 
ο Continue the division, with the quotient, 1, stated in 
shillings. | | 450 
d Division cannot continue in units of shillings. 150 
e Multiply the remainder, 150, by the number of pence | 
in a shilling. x12 
f Continue the division, with the quotient, 4, stated 
in pence. 1800 
Thus, it is seen that the amount will convert at the given rate into 


£5 15.44. 


The process of converting sterling into dollars is not fundamentally © 


different, as the following example shows: 


Illustrative Example B 
Convert £50 185.44. into dollars, when the pound is quoted at $4.80. 
STEP EXPLANATION COMPUTATION 
. à Convert pounds to dollars. £50 X $4.80 = $240.00 
b Convert shillings to fractional parts of a 9480 c ve 
pound and then into dollars. BX - 4.32 
c Convert pence into a fractional part of a 
shilling, then into fractional parts of a $4.80 
pound, and then into dollars. Ad X50 5715 ^ 0.08 
d Add. | : $244.40 


* These are the basic monies of England, and all that one needs to know for purposes of conversions. There 
are other common monetary measures. Some are coined: the crown, which is the equivalent of 5 shillings; the 


: 1 : ; 
sixpence, the equivalent of 5 shilling; the halfpenny, the equivalent of 5 penny; and the farthing, the equivalent 


of ; penny. The guinea, which is at present purely a monetary measure, is the equivalent of 21 shillings and is 


still used occasionally for certain fees. Pence is the plural of the word, penny. 
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Practical suggestions 

- When it is necessary to make constant conversions, the experienced 
calculator may save considerable time by reducing shillings and pence 
to the decimal parts of a pound and making up tables to which he can 
quickly refer. (See Table XCV.) Under this method, to convert the 
foreign value into the domestic value, if dealing with British money, 
redüce shillings and pence to decimals of a pound and multiply by 
the dollar value per pound. : 


Illustrative Example A 
- Το convert £1,200 85.67. to dollars when the pound is quoted at 


ο $4.80 
Pounds: 1,200.000 
| 85.— A of a pound, or = 0.400 
6d.= 2 of 75 of a pound, or 1 0.025 | 
Stated in pounds, the entire amount is 1,200.425 pounds 
The conversion rate per pound 1s 4.80 
The product is $5,762.04. 


. In converting a domestic value to pounds, divide the amount by 
the dollar value of the pound and reduce decimal parts of a pound 
to shillings and pence. 
: Illustrative Example B 


. Convert $22.80 to pounds at the rate of £1= $4.50. 


: STEP EXPLANATION COMPUTATION 
-a Convert to pounds and fraction of a pound. η. £5.0667 
b The fractional part of a pound, 0.0667, can be con- 
verted into shillings by multiplying it by 20. 0.0667 
| x20 


| | | | . 1334 shillings 
ο The fractional part of a shilling, 0.334, is converted 
to pence by multiplying it by 12; the minor fraction. 0.334 


of as is disregarded. a 
d Hence, the total is: £5 15.47. 











When large numbers of conversions are to be made, the logical . 


procedure is to compile a table of the decimal equivalents of a pound. 
Such a table has been computed and is given on page 1179. By reference 
to it, one readily sees that 85.64. is equivalent to 0.425 of a pound, . 
just as we have calculated above. In keeping accounts of English 
transactions, however, the practice continues of carrying three separate 


columns for pounds, shillings, and pence. 
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Preparing a conversion table 


Whenever it is necessary to calculate more than a relatively small 
number of conversions of a domestic into a foreign currency, or a for- 
eign into a domestic currency, time can be saved by preparing am 
exchange table. The preparation of such a table between the Mexican 
peso at 19.3375 cents and the United States dollar would involve the 
. following steps: 


a Make a table with the headings as given in Table a. 
b Fill in columns 1 and 3, from 1 to 9. 


ο In column 2, we are given the number, 19.3375, which is the number of 
United States cents equal, at the current rate, to a Mexican peso. Two 
pesos equal twice this amount; three pesos, three times; etc. Thus, it is 
not amonit to multiply 19.3375 cents by each digit up to 9, and complete 
column 2. s 


d Column 4 can be filled in by dividing $1 by 19.3375. The quotient is the 

- number of pesos equivalent to one United States dollar at the rate of. 

- 19.3375 cents. The balance of the column is found by multiplying this 
quotient by each digit up to 9 and filling in the appropriate space in the 
column. | s 


TABLE a 
EXCHANGE TABLE 


Pesos to Dollars—Dollars to Pesos 
~ Mexican Peso—19.3375 cents 


1 2 3 4 
Pesos = DOLLARS DoLLARS = _ [PESOS 
1 0.193375 1 5.17130 
jV 0.386750 2 10.3426 
3 0.580125 3 15.5139 
4 0.773500 4 20.6852 
5 0.966875 5 25.8565 
6 1.1602 6 31.0278 
7 1.353625 7 36.1991 
8 1.547 8 41.3704 
9 1.740375 9 46.5417 


With the use of the table, rapid conversions can be made. 


Illustrative Example 
— Determine the price of 974 pesos when 1 peso equals 19.3375 cents: 
900 pesos=$174.0375 (Row 9X100) | 


70 pesos= 13.53625 (Row 7x 10) o 
4 pesos— . 0.77350 (Row 4) 
$188.34725, or $188.35. 


Usually, when exchange rates fluctuate from day to day within rela- 
tively narrow margins, reference need be made to only a small number 
of tables; but when violent fluctuations are common, the number of 
tables necessary becomes unwieldy. E 

















INTEREST ON FOREIGN MONEY 


When it is necessary to calculate interest on foreign money, one 
method is to follow the procedure outlined in a preceding section 
(p. 1129): 


] Illustrative Example | | 
<- What is the interest on £325 5s. 6d. at 3 per cent for sixty days? 
Pounds 325 


Shillings E = ; η 0.250 


Pence (64.5 2 of = ofa pound ) 0.025 
£325.215* 
a Interest for 60 days at 6 per cent. Point off two places. £3.25275 
b Interest for 60 days at 3 per cent G of 6 per cent) £1.626375 


c 0.626375 of a pound, multiplied by 20512 uh shillings 
0.5275 of a shilling equals (multiply by 12) 6.33 pence 
Therefore, the interest is equal to £1 12s. 6d. 


y Second Method 
= What is the interest on £325 5s. 6d. at 3 per cent for 60 days? 
STEP | EXPLANATION | COMPUTATION 
— 8 Number of pounds 325 
. Multiply by number of SEES per pound x20 
Pounds reduced to shillings 6500 
Add number of shillings in principal + 5 
νεο, 6505 shillings 
Change to pence by multiplying by number of 
pence in shilling x12 
Shillings reduced to pence 78060 
Add number of pence in principal + 6 
Total number of pence in principal 78066 pence 
b Interest for 60 days at 6 per cent 780.66 pence 


ο for 60 days at 3 per cent (one-half the above) 390.33 pence © 


“ie 390.33 could be considered as id or 32 shillings, 6 pence. 


2, equals 1, with a remainder of 12. 
Hence, the total interest equals £1 12s. 51. 


'« "*'This answer may be verified by referring to Table XCV on page 1179. 
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TEST YOUR KNOWLEDGE OF THE CONVERSION OF MONIES 


5 In 1939, the lira was equivalent to 5.0568 cents, and the British pound 
worth 4.6525 dollars. By use of the chain rule, find the value of the 
pound in lire. e ον | | 


6 Ifthe rate of exchange in New York on London is $4.46. what is the cost 
of a demand draft for £150 75.64.? Ls 


7 If the rate of exchange is $4463, what is the maximum draft which can 
be purchased with $1,000? 


Using Table XCV, convert the following into decimal parts of a pound: 


£ ie d. £ δὲ d. £ S: d. 
8 1-12 11 10 - 8 8 12:39 10 ο 
92:5 5 7 11 1 - 11 135 5 5 - 


Using the same table, convert the following equivalents into pounds, 
shillings, and pence: 


14 5.24167 16 9.99583 18 1.00833 
15 211.5 17 23.62500 19 0.300000 
20 Convert $493 into pesos at the rate of one peso equals 19.3375 cents. | 
1 Make an exchange table for dollars and Argentine pesos (at rate of 23.7525 
cents) for any sum up to 1,000,000 pesos or dollars. 
22 From the table prepared for problem 21, determine the price of 369 pesos. - 
23 From the table prepared for problem 21, convert $852 into pesos. 
244 Find the interest on £200 5s.6d. for 63 days at 6 per cent. : 
25 The yield on 90-day bankers' bills 1s 0.63 per cent per annum. Find the 
interest on £700 195.114. invested in such bills, for 90 days. | l 


Cable rates 


 '[he typical pre-war quotations found in most of the larger news- 
papers of New York and other leading cities formerly quoted exchange 
on.London in New York somewhat as follows: aoe 


Sterling 
Demand 4.6848. 
Cable 4.681- 


Com. 60 day 4.6615 
Com. 90 day 4.6648... 


Usually sterling cables are generally slightly higher than demand 
sterling. As a general rule, it can be said that cables in any foreign 
. exchange are slightly higher than demand exchange in the same cur- 
rency. Cable exchange differs from demand exchange in that it reaches 
the payee much sooner after purchase. The time it takes for such a 
payment to reach England is usually one day or less; and other coun- 
tries, two days after purchase. A demand draft sold by an American 
bank for payment abroad will not ordinarily be deducted from the 
— banker's balance in England for a week, so that in effect the selling bank 

— has the use of its funds here as well as abroad for seven days. When 
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interest rates are low and mail rapid, cable rates and demand rates tend 
toward equality. The buyer of cable transfer bears the costs of the cable. 


- The difference between the cable rate and the demand rate merely - 
tends to vary by the interest charges; other factors of equal importance 
areinvolved. Market conditions are determined, to a certain extent, by 
the balances held abroad by the United States banks. If the balances 
are large, or if they are nearing the maximum amount which the United 
States bankers desire to maintain abroad, the purchase of sight drafts 
or cables may be encouraged by lowering the respective rates. Tele- 
graphic transfers and sight drafts were commonly used during the 1930's. 


Time bills 


"ime bills are also commonly used to pay foreign obligations. If 
they have not more than 30 days to run, they are often referred to as 
short bills; the term, long bill, is commonly used if they have more 
than 30 days to run. The period of the bill is called the usance and 
varies with the custom of the trade. The longer the distance, usually 
the greater the usance. In much of the trade, long bills, running from 
- 60 to 90 days, are used. In times of unsettled world conditions, the 
. use of long bills declines. | 7 


The relationship between cable rates and time rates appears more 
complex than that between demand bills and cable rates. In the list 


of rates given on page 1132, 60-day drafts are quoted at 4.662, or 12 


less than the cable rate; 90-day commercial drafts are of a cent a 


pound less than 60-day drafts, or E cents less than the cable rate. 


Under ordinary conditions, it will be found that the longer the life 
of the draft the lower the rate, relative to the cable rate. This rela- 
tionship exists between the cable rate and the time rate on any country. 
The rate of exchange on 60-day drafts is lower than the cable rate by 
the current rate of discount on 60-day funds; and the 90-day rate is 
lower by the current rate of discount on 90-day funds. The rate of 
exchange on time drafts is governed by the current rate of discount 
prevailing in the market in whose currency the draft is drawn. Thus, 
the rate of exchange on a 60-day sterling draft drawn in New York on 
London will be controlled by the London rate of discount on 60-day 
funds, since the bill will be discounted there. | 


Illustrative Example 


Assume that the cable rate in New York on London is $4.85656 and 
that the discount rate in London on 90-day bills is 2 per cent. Since 
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3 days of grace are allowed in London, one must calculate the discount . 
at 2 per cent, not for 90 days but for a total of 93 days. The calculation 
-would be as follows: | 


Cable rate $4.85656 
Discount at 2 per cent for 93 days — 0.02509 
Tax (about 2 of 1 per cent) —0.00242 


Buying rate per pound for 90-day bill (approximately) $4. 82905 


It is not difficult to see why this relationship between the cable rate 
and the rate on 90-day bills would be maintained during periods of 
relatively stable exchange rates. An American importer who has - 
bought goods for which he must pay in 90 days has in effect the option 
of buying today a 90-day bill and remitting it to his creditors or wait- 
ing until the day of maturity and paying by cable transfer. If the. 
American buys the 90-day draft, he 1s deprived of the use of his funds 
for 90 days, and the banker who sells him the draft has the use of them. 
The buyer, therefore, is not willing to pay more than the discounted 
value of the cable rate. If the rate differs by less than the interest, 
it pays a banker to sell bills and cover by cable on the due day. 


Calculation of price of bill 


In order to avoid the risks of fluctuating exchange, an American 
exporter quotes his price in dollars and draws his bills in dollars against 
a foreign importer or an importer's bank. The important problem 
faced by the American exporter in extablishing the price for his 
merchandise 1s to know at what rate the bank will discount his bill, 
and what additional charges he may have to meet. If an exporter wants 
to net $10,000 on the cargo, and by the terms of the sale he is to bear 
the freight of $1,500 and marine insurance of $100 and is to allow the 
English importers 60 days to pay from date of sale, he must ask not 
$11,600, since | 

| | $10,000 4- $1,500 4- $100 = $11,600, 


but also enough to cover the discount for 60 days on the face of the . 
draft, plus the banker's collection charge (which we shall assume to be 


; of 1 per cent of the face). If the bank has agreed in advance to dis- 


count the bill at 3 per cent, then the final calculation is as follows: 


100 per cent — [GS x0 03) 4 bet cent of the face of the a = Gs 600 


99.25 per cent = $11,600 
100 per cent = $11,687.66, face of the draft 


παρ x 0.03 811,687.66 858.44, discount 


; per cent =0.0025 x $11,687.66 — $29.22, collection charge. 
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- If the American exporter quotes his price in the foreign currency to 


avoid the risks of exchange fluctuations, he should procure a committal 


from his bank as to the rate at which 1t will buy the foreign bills when 


drawn and offered. Assuming the sight (that 1s, the demand) rate 


of exchange to be $4.6825, the banker computes his offering price on 


.. the basis of what he can get for the draft in London when it arrives 


there. He calculates this price by deducting interest for 60 days, plus 
the 3 days of grace, at the rate in London, plus the British stamp tax, 


and the British bank's commission, as well as such profits as he himself ` 


anticipates. 
Sight rate on London 94.6825 
Discount for 63 days at 2 per cent — 0.0061 
Stamp tax —0.0024 
Commission to British banker — 0.0050 
Profit to American banker — 0.0025 


Offering rate of American bank for draft — $4.6665 


Since the exporter wants to net $10,000 on the sale, the total draft 
must be the equivalent of $10,000 plus freight of $1,500 plus insurance 
of $100, or a total of $11,600. The amount of the draft drawn in Eng- 


$11,600 __ 
Locas = £2,485 165. 14. 





lish currency then would be 


Forward exchange 


The discussion thus far has dealt with the market for trading in 
foreign exchange, known as the spot market, in which all exchange, 
whether cable, demand, or time, 16 for immediate delivery by the seller 
and immediate payment by the buyer. In addition to the spot market, 
foreign exchange may be bought and sold which requires future 
delivery by the seller and payment by the buyer. Foreign exchange 
futures are known as forward exchange, and the rates applying to 
them are referred to as forward-exchange rates. | 

- The forward rates are quoted in the newspaper under the heading, 
"Ninety-day rates (Points)", and are quoted at a discount, at a 
premium, or at parity. If, on a given day, demand sterling is quoted at 


4.6817 and at the same time sterling for delivery 90 days hence is 
quoted at E discount, the forward rate on demand sterling is in 


effect 4.661. If sterling futures are quoted at a discount in New York, 


then dollar futures must be quoted at a premium in London. 
Forward exchange is bought by two kinds of buyers. One type is 

represented by those who have a definite commitment to meet in the 

future and who do not care to assume the risks of fluctuating exchange 








spot price. 
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rates. An example of this type would be an American who plans to 


import woolens from England. If he can get them for £5,000, he can. 


satisfactorily meet his contract. If the rate of exchange should rise 
before he pays for them 3 months hence, he will lose money. Therefore, 
it will pay him to buy future exchange at the rate given today, since 


- he has then contracted for the necessary amount to meet his bill and 


need not worry about future fluctuations. He will pay for the futures 
at the time of delivery—z.e., in 90 days. 

The second type of buyer of forward exchange is the speculator. He 
deliberately goes into the market hoping to gain by changes in exchange 
rates. If he believes that the rate will rise, he buys; and if it does rise, 
he profits. For example, on May 2, 1936, the spot rate on London 


was $4.94, the forward rate for 3 months was at a discount of 5 A 


speculator anticipating a market rise in the future would buy pounds 


on this date for delivery August 1, at the rate of $4.935. On August 1, 


the spot price of pounds was $5.0175. The speculator would have made 
a profit of 8.25 cents a pound by selling his futures 1n August at th 


Exchange arbitrage 


In quoting exchange rates, the practice in the United States since 
World War I has been to quote the rates on foreign countries 1n terms 
of the amount of United States currency required to purchase one 
unit of the foreign currency. For example, the pound sterling might be 


quoted at $4.68; the French franc, at 2.23 cents; the Argentine peso, 


at 29.77 cents; the Swedish krona, at 23.80 cents. This, the direct 
method of quoting exchange, is widely used in such countries as the 
United States and France. 

Another method used (for example, in Great Britain) is called the 


indirect method, since it states the number of units of foreign currency . 
which can be had in exchange for a unit of the domestic currency. 


Thus, London quotes the dollar on the basis of how many dollars in 
exchange for a pound. (For example, the rate might be $4.68= £1. If 


the direct method of quotation were used, the rate would be cited as 


$1 = 45.374) 


The relation between direct and indirect quotations may be clarified - 


somewhat by the following tabulation: 
———————- QUOTATION BY ——-————— 


B ; New Yonk . LowpowN Paris 
ΕΝ ΕΕΣ (Direct) . (INDIRECT) (Direct) 
New York and London 4.6825 4.6825 X το 
New York and Paris 0.0220 SE 45.45 
London and Paris dy 212.84 212.84 
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A third method of quoting foreign exchange sometimes used 1s the 
discount-and-premium method. It is used primarily between currencies 
which have a mint par of unity. For example, the Canadian dollar 1s 
commonly quoted by banks at a premium above or a discount below 
the United States dollar. When the United States dollar is selling at 
$1.10 in Canadian money, it means that Canadian money is selling at 
what is generally called a discount of 10 per cent, whereas our money 1s 
selling at a premium. (Actually, if it were a discount of 10 per cent, 
$1 would buy $1.11.) The discount method is also used to some 
extent in England in quoting on countries, particularly members of the 
empire, which use a pound of the same legal definition as the pound 
sterling. 


A close relationship must always exist between the rates quoted in 
two countries and among the rates quoted in three or more countries. 
For instance, if the cable rate in New York on London should be $4.68 
while at the same time dollars should be quoted in London at $4.6775, 
the exchanges are not in balance. Observing such a discrepancy in the 
rates, an arbitrager—almost invariably a banker in very close touch 
with the market—would immediately undertake the following opera- 
tion. In New York, he would sell £10,000 sterling cable at the quoted 
rate of $4.68, thus giving him possession of $46,800. At the same time, 
he would have his agent in London sell $46,775 cable for £10,000 in 
London. He would then use the proceeds of the American sale of 
$46,800 to cover the sale of dollars in London and the $46,775 proceeds 
of the sales of dollars in London to cover the sale of pounds sterling in 
New York, leaving him a gross profit of $25. He would use the £10,000 
he received from the London sale to cover the cable on London sold 


in New York. 


Under war conditions—and for that matter, since the early 1930’s—, 
the treasuries or other public authorities of many countries have 
exercised strict control over the foreign-exchange market. Conse- 
quently, exchange rates have not had free play, and it is difficult at 
this time to predict what kind of post-war currency stabilization plans 
may be adopted. It may be that arbitrage between currencies will be 
entirely in the hands of public authorities. Since many monetary 
changes may occur in the future (even the names of the monetary units 
of two countries were changed in 1943), there is a possibility that we 
may have a new international monetary unit, such as the unitas sug- 
gested by the United States Treasury or the 2ancor suggested by the 
English monetary authorities. For example of arbitrage, then, we 
must look to the period preceding World War II. Under the freedom 
of exchange which then existed, bankers dealing in international 
exchange kept virtually constant quotations during banking hours on 
the buying and selling rates in all important currencies. Under such 
circumstances, a close relationship always existed among the cur- 
rencies of the world. This is illustrated as follows: 
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Assume, as a simple example, that London quotes dollars at $4.80 to the 
pound and francs at 96 to the pound. The rate for pounds quoted by New 
York and Paris should be extremely close to 4.80 and 96, respectively. At the 
same time, the rate quoted by New York for francs will be close to 5 (since 


τς eb) and that quoted by Paris for dollars close to 20 (since 135-20. 


Illustrative Problem 


Suppose you are 1n charge of the foreign-exchange department of a 
large bank, constantly buying and selling exchange; and the market 
conditions, which have been as described in the preceding paragraph, 
change to the following figures: 


In New YORK In Lonpon 
Rate on Paris $0.05 Rate on New York $4.80 
Rate on London 4.80 Rate on Paris 0.94 


How could you profit from an arbitrage? 
a In New York, buy cables on Paris for Fr. 47,000 at a cost of $2,350; 
b Direct your agent in London to sell Fr. 47,000 at 94 francs to the pound 
47,000 _ £500: 
04 — : 

C Sell cable in New York on London for £500 at $4.80, with proceeds 

of $2,400. 

The cable purchased in New York on Paris would cover the francs sold by 
the London agent, and proceeds of the London sale on Paris would cover the 
draft on London sold in New York. Since the sale of the pounds would bring 
$2,400, and the cost of the francs would be only $2,350, the gross profit 
would be $50. (The net profit would be somewhat less than this, and the 
total profit shown in the illustration has been exaggerated to simplify matters.) 





Usually the profit 1s small d of 1 per cent or less); but the arbitrager, tak- 


ing the minimum of risk and operating in all markets simultaneously, is 
content with a very small profit. 

The pressure exerted by such transactions in London tends to raise 
the franc (remember that the indirect method of quotation is used in 
London; when one says that the franc is raised, it means that the 
quotation of the pound in francs is increased—i.e., the pound is weak). 

Suppose that the cable quotations in New York are as follows: 


New York on London $4.98 
London on New York 4.98 
New York on Amsterdam 0.676 per florin. 


'The quotation in Amsterdam 1s: 
Florin 7.00 per pound sterling. 
With $10,000 in New York, how can one profit from arbitrage? 
a Buy cable on Amsterdam for 14,792.89 florins; 
b With 14,792.89 florins in Amsterdam, buy cable on London for £2,113.27; 
c With sterling in London, buy cable on New York for $10,524.08. 
This would leave a profit of $524.08 before expenses were deducted. 
Shortly before the beginning of World War JI, the sterling quotations 
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in New York fluctuated around 4.6625 and the quotation on the franc 
was around 2.66 cents. With the exchange rates at these levels, one 
seeking to gain from arbitrage transactions would make up a table 
showing parities in dollars, francs, and pounds sterling. Using the 
chain rule explained previously (p. 1125), one can develop such a table 
by calculating the quotations on francs in London as follows: 


IMustrative Example 


How many francs equal £1? 
£1 =$4.6625 
$1 =37.594 francs 


2 
ει ας 175 francs (0.28 rounded to a 
y a similar manner, calculations can be made for sterling at 4.66, 


4. 663, 4. 665, and 4.667, and for fluctuations in the London quotations 


of the franc from 175 to 175%. With these figures, the following table 


can be constructed, showing that, when the New York quotation for 
sterling is $4.66 and the London quotation for francs is 175, the New 
York parity for francs is 2.6628 cents. If the market quotation differs 
from this figure, there is an opportunity for profitable arbitrage. In 
actual arbitrage work, a table with more minute gradations would be 
likely, since speed of calculation is essential. 


TABLE b 
PARITIES IN DOLLARS, FRANCS, AND POUNDS STERLING 
£ 175 1751 175} 1752 
$1 $1 $1 $1 
4.66 2.6628 2.65906 2.65527 2.65149 
4.661 2.6643 2.66049 2.65669 2.6529 
4.663 2.6657 2.66191 2.65812 2.65434 
4.662 2.6671 2.66333 2.65954 2.65576 


The mathematical relationship between three currencies can be 
shown as follows: 
Let: 
mı, 2=the amount that center 1 is annually indebted to center 2; 
m ,— the amount that center 2 is annually indebted to center 1; 
Ci, 2= par of exchange of center 1 on center 2; 
C», 1— par of exchange of center 2 on center 1. 
If the two centers balance their exchanges without transporting money, then 
Mı, 2 * C3, 2 fis, 1 








m 
Or 1, 2 = a 
7711, 2 
In general, then, Co, 1 is the reciprocal of Οι, ο: 
iL 1 
Cy 2 =- or C i= 
C», 1 "^ ra 
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Let us assume that there are more than two centers and let zz; 
express the total of the sums for which center 7 is indebted to center 
k over some fixed interval of time. Let C be the rate of exchange 
between z and £. If, then, we consider the case of 7 centers, there 
will be r(r—1) such relationships; but, because of the reciprocal rela- 
tionship noted before, the number of independent ratios will reduce to 


= D The coefficients are not all mutually independent, for, if it 


is found that 
Ce c Cae Ge, 


then a person who needs to convey money from center ἆ to center ; will, 
instead of getting a draft from k on 7, find it cheaper to get one from 
k on /, which he can exchange for one from / on 2. 


Illustrative Problem 


This relationship is readily understood by considering an example of 
the three centers of London, Paris, and New York. Let the value of the 
dollar in francs be Cz; the value of the dollar in pounds, Cy; and 
the franc value of the pound, Ca. If the franc is worth 2.5 cents in 
New York, and if the pound is worth $4.66 in New York and 175 
francs in London, we have the following: 


o $l E ... s 
0.025 Ca n 175 Ci € " DD 


Cir 4.66 


T should equal 175 Xin 


If C is less than the product of Cy and Ci, it would be advantageous, 
in the exchange of dollars into francs, to buy a draft on London, and with 
this buy a draft on Paris. Conversely, if Ci were greater than the product 
of C; and Cy, it would pay a trader in France to buy dollars in New York 
through a London draft. : 


The relationships among the different currencies are significant, 
for they explain why, in the movement of gold among three financial 
centers, there will always be two between which there will be no direct 
shipments. Between these two, which are not always the same, the 
rate of exchange will stay within the gold points. One other significant 
fact which these relationships emphasize 1s the fact that arbitragers, 
realizing the relationship which should exist among the various cur- 
rencies, constantly watch for deviations from which they can profit. 
Their actions constantly tend to re-establish the ratio, 


Cik = Ca 3 Che. 


E 








FINANCE 1141 





INTEREST ARBITRAGE 

In the years immediately preceding the war, large sums of money 
were kept in very liquid form to be transferred quickly from one 
financial center to another to take advantage of the differences in 


interest rates among the different countries. These large transfers 
created serious financial problems. 


One may, however, take advantage of higher interest rates in one 
specific country without assuming any risk due to fluctuating exchange 
rates. Suppose that the interest rate in New York on prime commercial 
paper is 3 per cent and that the rate on similar paper in Paris is only 
2 per cent. A French banker could earn 1 per cent more on his funds in 
New York. If he simply transferred funds to New York, he might find 
that, when he wanted to transfer his funds back to Paris, the quotation 
in New York had increased and so he might lose more than he gained. 
The banker in Paris can obviate this difficulty, however, by using the 
futures market in the following manner: 


May 7—Purchase in spot market $100,000 to be invested in New York 
ato per cent. 
May /—Sell $100,000 for 90-day future delivery. 
August J—Collect interest for 90 days on the $100,000 invested in New York. 


August 1—Deliver the $100,000 sold in the futures market May 1, and collect 
the equivalent in francs. 


The banker then has his funds back in francs, he has collected his 
interest at the higher rate, and he has not been subjected to the dan- 
gers of fluctuating exchange rates. Such a transaction would be 
profitable only if the discount on the forward francs and the expense 
involved totalled less than 1 per cent. If the forward rate on francs is 
at a premium, the banker making the interest arbitrage profits by this 
additional amount. 


Such a situation is illustrated by the following example: 


In London, in September, 1936, the rate of exchange on New York was 
9.055, and the 90-day futures rate was $5.03; the interest rate in New York 
on 90-day bills was 0.25 per cent and in London was 0.53 per cent. Thus, the 
interest rate was higher in London than in New York, but an English banker 
could buy spot dollars, and sell dollars 90 days forward, then invest the 
dollars in New York at a lower rate of interest, and still make a profit. A 
similar situation existed between the franc and the dollar during most of 1936, 
when the premium on forward dollars was so great that the French banks 
were making from 15 to 40 per cent per annum by buying spot dollars and 
selling futures. 


Sometimes, however, the futures rates are not such that profits can 
be made. An example of this is found under the conditions prevailing 
in January, 1936: 


New YORK LonpDon 
Interest on prime commercial 90-day paper 0.12 per cent 0.60 per cent 
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Sterling in the spot market was selling at $4.96 and 90-day futures 
were quoted at a discount of 1, or $4.95. This being so, it would not be 
profitable to make an interest arbitrage, since the loss on the future sale 
of sterling would more than offset the gain on the interest differential. 


GOLD ARBITRAGE 


A third kind of arbitrage may be called gold arbitrage. In the 
earlier discussion of the mint par of exchange (p. 1127), we saw that, 
when countries are on the gold standard, the rate of exchange normally 
will vary only within what was called the go/d points—points estab- 
lished by the cost of shipping gold. This is true because bankers will 
carry on arbitrage in gold which will keep the rates within these limits. 
This operation is illustrated in the following example: 


Assume that, before 1931, gold at the Treasury was sold at $20.67 an ounce 
and that it cost about 2 cents per pound sterling to ship gold to London. 
When the rate of exchange on London is $4.8665, it does not pay a banker to 
ship gold, but, when the rate rises above $4.8865 (4.8665+2 cents), the 
banker can ship gold and sell exchange against gold so shipped. In this way, 
the banker can get a profit without taking any risk at all, and the exchange 
rate is kept within the gold points. 


When countries are not on a true gold standard, this kind of gold 
arbitrage is no longer possible. There is another type, however, which 
is dependent on the existence of a gold market in at least two countries 
with some freedom in the flow of gold. If gold may flow freely both 
ways, an arbitrage may occur in either direction. In the United States, 
however, the Treasury will buy gold but will sell it only under certain 
circumstances. The United States Treasury buys gold at $35 an ounce, 


less i per cent, making a net price of $34.9125 per fine ounce. 


If the rate for demand bills on Great Britain is $4.65, and the price of 
gold in London is £7 8s. 6d., an arbitrager finds it to his advantage to buy 
demand sterling at $4.65, exchange it for gold in London at £7 ὃς. 6d., pay 
the shipping cost of about 24 cents an ounce, and then sell the gold to the 
Treasury at $34.9125. To buy gold in London at £7 8s. Θά. when the exchange 
rate is $4.65, is the equivalent of paying $34.52625 an ounce, since 


7.425 X $4.65 = $34.52625. 


To this must be added the shipping costs, making the total cost about $34.766 
an ounce. Since the Treasury pays $34.9125, the net profit amounts to 14.6 
cents an ounce. 





Selling price ($35—0.25 per cent) = $34.9125 
ess: 
Cost (£7.425 X4.65) $34.52625 
Shipping costs 0.24 34.7663 
Net profit per ounce $0.1462 


Much of the gold which flowed into the United States from 1937 to 
1939 came in as the result of such transactions. It should be pointed 
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out that the gold inflow into the United States may be explained par- 
tially by the arbitrage of gold from the world gold market to the 
United States Treasury, but that a gold arbitrage may not be made in 
the opposite direction—z.e., from the United States—unless the 
Treasury licenses gold exports. It should be noticed that little, if any, 
risk is involved in such operations, for, in any true arbitrage, the 
arbitrager is not speculating but is taking a simultaneous position in 
two markets where he can calculate his profits beforehand. 


TEST YOUR KNOWLEDGE OF INTERNATIONAL MONETARY RELATIONS 
26 If the cable rate is $4.46375 and the discount rate is 4 per cent, the 


INE : À 
stamp tax zg Per cent, and the commission τ per cent, (a) what is the 


4 
60-day rate, allowing a 3-day period of grace and using 365 days as a 
basis for calculating interest, and (b) what is the rate, using 360 days 
as a basis for calculating interest? 
27 If you strongly suspected in September, 1931, that England would soon 
leave the gold standard, how could you have profited? The rates in 
New York on London were as follows: 


ForwARD RATES 


DATE Spot RATE Our ΜΟΝΤΗ THREE MONTHS 
September 19, 1931 4.86 — 5 — 24 
September 26, 1931 S —24. — 6} 
October 17, 1931 DI +1 +2 
28 How could a speculator have profited, had he anticipated the following 
changes? 
Fonwanp RATES 
DATE Spot RATE ΟΝΕ ΜΟΝΤΗ THREE MONTHS 
December 7, 1935 4.924 —$i — 1}; 
March 7, 1936 4.99 —i — & 
April 4, 1936 4.94 —1i — & 
July 6, 1936 5.021 —& —1l& 
29 Fill in the following table for Italian lire, pounds sterling, and dollars: 
£ 92 92i 921 923. 93 
$1 $1 $1 $1 $1 
4.654 
4.654 
4.653 


30 If you had to make payment in Rome of 250,000 lire when the quotation 
in New York on the lira was $0.0505 and on the pound was $4.65, and 


when the lira was quoted in London at 92}, what would be the most 
profitable method of payment? 


31 Assume that the Treasury price of gold is $35 an ounce less : per cent 


handling charge, and that the cost of shipping gold is 24 cents an ounce. 
The demand rate of sterling exchange is $4.70, the price of gold in London 
is 146s. 104. With only $10,000, how much profit can be made in a 
gold arbitrage? 
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MATHEMATICS OF THE | You have previously learned that bonds 
SECURITIES MARKETS (ae securities issued by corporations as 
evidence of long-term indebtedness. 


Under the terms of the contract expressed in the bond and in a supple- 
mentary agreement called the bond indenture, the corporation agrees to 
pay the holder or owner periodic payments of interest at a fixed rate 
together with a definite sum of money, called the par, or face, value, at a 
definite futuredate. The most common denomination for bonds is $1,000, 
but smaller denominations of $500 and larger denominations of $5,000 
to $100,000 are not uncommon. Occasionally, $100 bonds are issued. 
The interest rate named in the bond is called the nominal, or coupon, 
rate. A bond purchased at a price above par is said to be purchased 
at a premium, and the rate of interest received on the amount invested 
is less than the nominal rate. We 
speak of the rate received by the 
purchaser as the effective rate, or 
yield. If a bond is purchased for 
less than par value, we say that it 
is purchased at a discount, and the 
effective rate of interest will ex- 
ceed the nominal rate. There may 
be some relationship between the 
risk involved in a bond and the 
price of the bond; but, by and 
large, the mathematical relation- 
ship is not easily determined, and 
indeed may not even exist. In the 
market at any given time, many 
good bonds may be selling at a dis- 
count and many poor bonds may ος 
be selling at a premium. In other 
words, the market price is not 
always a good indication of the 
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goods—or rather, gives up claims on present goods—for claims on 
future goods. The future goods are represented by 

a the principal, which he hopes will be repaid when the bond matures; 

b the periodic interest payments which he hopes to receive during the 

life of the bond. 

The calculation of the investment value, or purchase price, of the bond 
then amounts to the calculation of the present value of the face of the 
bond and the present value of the series of interest payments. 
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From the study of annuities, you have learned that: 
C=maturity value of bond; 
R=periodic interest, or dividend payment per period; 
g=the ratio of total interest paid per year to the 
redemption price, C; 
i — effective interest rate per period; 
n=number of periods to maturity; 
p=number of interest payments a year. 


. When the interest on a bond is payable p times a year, the interest 15 
pak 
2 | 
and is payable p times a year for n years. The interest payments are 
thus an annuity of Cg payable in z installments. Therefore, the present 
value of the dividends 1s 
fn 
As you have previously learned, the present value of the redemption 
price is C(14-;)-?.: Thus, the purchase price of a bond, to yield an 
effective rate 7, would be: | 
P=C(1+7)-"+ Rap. 
μ᾽ 


In order to facilitate the calculation of bond yields, several bond 
tables have been published. Samples of types in common use are 
represented in Tables XCVI and XCVII (pp. 1180 and 1181). 


= The Sprague Table (Table XCVI) shows the value to the nearest 
cent of a bond for $1,000,000 bearing interest from 3 to 7 per cent and 


yielding from E to 10 per cent. The table is divided into three parts 


dealing with low rates {7 to 25 per cent), medium rates (25 to 5 per 


cent), and high rates (5 to 10 per cent). The tables are made up for 
bonds on which interest is paid semi-annually, but additional tables 
are included which make it easy to work out values for bonds whose 
interest is payable quarterly or annually. 


Illustrative Problem 


An investor has purchased a 5 per cent bond at 101 with 14 years to 
run until it reaches maturity, and with interest paid semi-annually. 
He wants to find the yield of the bond by using the Sprague Table. - 

a Turn to the page dealing with 5 per cent bonds, interest payable semi- 

annually. (A section of this table is reproduced on page 1180.) 

b Look down the 14-year column for a bond priced at approximately 101. 

In this example, the price of 1,010,045.56 furnishes a yield (according 
to the first column of the table) of 4.90. Since this price is as near to 101 as 
. 1s necessary for ordinary purposes, the investor can accept the figure of 4.9 
as the yield on the bond. 
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Suppose, however, that the price paid for the bond is not one given 
in the table. Then it is necessary to find the yield by interpolation. 
Thus, an investor wishing to find the yield on a 5 per cent bond due 
in 13 years and selling at 105 proceeds as follows: 

He consults the tables to find the following prices and yields: | 


PRICE YIELD 
$1,053,849.78 4.45 
1,048,807.78 4.50 


The difference in price is $5,042; the difference in yield, 0.05. Thus, a 
difference of $5,042 in the price of a $1,000,000 bond makes a difference of 
0.05 in yield. 

The price of 

105(1,050,000 — 1,048,807 .78 = 1,192.22) 


1S P. of the difference between the two prices given. By interpolation, 





the corrected yield for the bond selling at 105 is 
ο 1192 E 
4.50- (2535 0.05) - 4.488. 
This is the common method of interpolation used for the Sprague or 
any similar table. 


INTERPOLATION FOR INTERVALS 


Another fact which one soon notices in finding yields on bonds is 
that the remaining life of a bond is not always a multiple of a half- 
yearly period, which is the interval shown in most bond tables. 

Such tables will satisfy the ordinary investor, but when large sums 
are involved, more complete tables should be used. To meet the needs 
of institutions and large investors, the Financial Publishing Company 
has recently published a more complete table, called Monthly Bond 
Value Table, which 1s especially convenient to have when many yields 
must be calculated. For most persons, however, a table with fewer 
details will suffice if the procedure illustrated in the following example 
Is used: 

A 5 per cent bond with interest payable semi-annually which matures 


on July 1, 1959, is bought on April 16, 1944, at 1027. What 1s the yield? 





The life of the bond is not 15 nor 155 years, but is 15 years, 2 months, 


and 15 days. In this case, it is necessary to compute the yields of bonds 
both for 15 years and for 155 years, and then by interpolation find the yield on 


the particular bond running for 15 years, 2 months, and 15 days. 
From the Sprague Table, we find the following figures for 15-year bonds: 


PRICE YIELD 
$1,032,032.65 4.70 
1,026,604.29 4.75 


Thus, for a price difference of $5,428.36, the difference in yield is 0.05. The 
difference between the price of $1,032,032.65 and the price paid of $1,027,500 
is 4,532.65. If the yield at a price of $1,032,032.65 is 4.70, then, at the lower 
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price of 102°, the yield would be higher, or 4.74175 calculated as follows: 


4,532.65 ee 
5158 50 X 0.05 0.04175. 


4.70+0.04175 = 4.74175, 
Interpolating to find the yield for 155 years, we find the following: 


PRICE YIELD 
$1,032,762.73 4.70 
1,027 ,208.10 4.75 


Thus, for a price difference of $5,554.63, there is a difference in yield of 
0.05. The difference between the price of $1,032,762.73 and the price paid 
of $1,027,500 is $5,262.73. If the yield at a price of $1,032,762.73 1s 4.70, 


then, at the lower price of 102%, the yield would be higher. 


5,262.73 κ 
esi pg ΧΟ05--00474. 


4.70+0.0474 =4.7474, 
the yield for a bond bought at 1022 with a je year maturity. 





Since a 15-year bond has a yield of 4.74175 and a 157. year bond has a 


yield of 4.7474, the difference in yield is 0.00565. Six months is equivalent to 
180 days. Two months and 15 days 1s the equivalent of 75 days. 


75 = 

180 xO0.00565 — 0.00235. 
Yield for 15-year bond 4.74175 
Add yield for 75 days 0.00235 





Yield for b per cent bond running 
15 years, 2 months, and 15 days 4.7441 


One page from the Equitable Trust Company Rapid Bond Tables is 
shown on page 1181 (Table XCVII). These tables are constructed for 


bonds having interest rates of 3, nt 4, 4 5, 6, and 7 per cent. The 


tables show maturities from 6 months to 50 years in 6-months’ inter- 
vals. The page reproduced is for bonds with 20 years to run to maturity. 
A similar page is shown in the complete table for each period from 
: year to 50 years. It should be noted that the column at the left shows 
the yield per annum, the column headings show the coupon rate of the 
bond, and the body of the table shows the price of the bond. It will be 
noted that each basic price is followed by the decimal difference for 
one month, and also the decimal difference for one day, between each 
two 6-months’ periods. This is done to facilitate the computation of 
bond prices and yields for bonds having other than an even number 
of interest intervals to run. | 
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Lllustrative Problem 


At what price will a 3 per cent bond having 20 years, 5 months, and 
20 days to run sell to yield 5.2 per cent? 





Price for a 20-year bond 72.8462 
5 months @ 0.064000 per month 0.320 
20 days @ 0.002133 per day 0.04266 

Deduct 0.36266 
Price 12.48354 


In the case of a premium bond, the difference would be added instead 
of subtracted. Thus, the price of a 5 per cent bond selling to yield 
ed per cent for 20 years, 3 months, and 5 days would be computed 
thus: 

Price for a 20-year bond, 5 per cent, 


selling to yield 4.5 per cent 106.5484 
3 months @ 0.016733 per month 0.050199 
9 days @ 0.000557 per day 0.002785 
Add 0.052984 
Price 106.601384 


SIMPLIFIED METHOD FOR BONDS SELLING AT A PREMIUM 


To be of much value, bond tables must necessarily be long and 
detailed; and since a small investor uses them infrequently, he does 
not feel that their purchase is warranted. Investment houses generally 
furnish bond tables to their clients, or give them the information they 
want. Often, however, investors do not have access to bond tables, or, 
1f they do, the tables may not be detailed enough to give the necessary 
information. 

All necessary calculations can be made by using the formulas above 
if annuity tables and compound-interest tables are available. This 
method will be the one normally used. If, however, no bond tables are 
avallable, 1t 1s not difficult to calculate either the price of a bond for 
a given yield, or to find the yield for a given price. The simplified 
method explained in the following paragraph gives results which are 
approximately accurate.! 


Find the yield on Central Maine Power Company 35 per cent bonds 


due December 1, 1958, purchased in 1943 at 109; interest payable 
June 1 and December 1. 


The purchase price of 109 means that the bonds sell for $109 for each 
$100 par value. Thus, a $1,000 bond sells-at $1,090; a $500 bond, at $545; 


etc.” 


1Tt should be repeated, however, that rule-of-thumb methods are not to replace the bond valuation tables, 
but merely to substitute for them under particular circumstances. . : ; 

2Bond prices are almost always quoted in this way. The important exception is the quotation of United 
States Government bonds, which are quoted in 32ds of a point. Thus, a bond quoted at 10075 might appear 
in the daily newspaper quotation as 100.16, indicated as a decimal but actually meaning 50, which is accurately 
stated in decimals as 100.5. 





By using the short method which we are illustrating, we should 
calculate the yield on the Central Maine Power bonds as follows: 


Cost of the bond 109 
Less: Redemption price (z.e., maturity value) —100 
Premium 9 


Years to maturity =15 
Annual amortization (9+15) =0.6 


Annual interest l | 3.50 
Less: Annual amortization of premium —0.60 
Net income 2.90 
a — -492 =2.66 = approximate yield. 
b net income 2.90 9.98 


redemption price+-annual amortization -100.6 
c Averaging the two yields of steps a and b, 
a =2.77, 


approximate yield by short method. 

For premium bonds maturing in less than 50 years, an even more 
simplified method can be used with a high degree of accuracy. The 
formula is as follows: 

premium 450. 3 


coupon — 
years to maturity 19 290 _975.* 


— — 
gam a ae 


100+ (0.6) (premium) 1004-(0.6) (9) 105.4 


Discount bonds 


Find the yield on Seattle Gas Company 1st and Refunding 5's due 
October 1, 1954, purchased October 1, 1943, at 92. (Interest payable 
April and October.) 


Redemption price of bond 100 
Less: Purchase price | — 92 
Discount ὃ 


Years to maturity —11 
Annual accumulation (8+11) 20.73 


Annual coupon 5.00 
Add: Annual accumulation of discount --0.73 
Net income 5.73 
E net income _ 9.73 — 6.228, 
cost 92 
an approximate yield which is too high. 
net income 5.73 


=5.772, 


redemption price —annual accumulation 100—0.73 
an approximate yield which is too low. 


*According to a bond, a 35 per cent bond with 15 years to maturity would yield 2.75 if purchased at 109.168 
This figure indicates that the method used is fairly accurate. 
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ς Averaging the yields of steps a and b, 
P —6.00, 


an approximate yield which 1s fairly accurate. 
A shorter formula for discount bonds is: 
discount 
ears to maturit 
—]100—1(08) (discoun Σε. 
Substituting the figures for the Seattle Gas Company bonds in this 
formula, we have: A 


9001 573 


100 — (0.6) (8) 95.2 

The yields calculated by the two methods differ, and in this case 

the one obtained in the first method is more nearly accurate. (Remem- 
ber that in either method the result is a scientific approximation.) 


coupon- 


=6.019 per cent. 


TEST YOUR KNOWLEDGE OF BOND PRICES AND YIELDS 

32 A 5 per cent bond on which interest is payable in April and October 
matures in October, 1957. The bond was bought April, 1944, at a price 
of 119. Use the Sprague Table to find the yield. 

33 Assume that the Wabash, Chester, and Western Railroad Company has 
outstanding some 5 per cent bonds on which interest 1s paid semi-annually. 
If the bonds have 13 years to run to maturity and you buy one on the 
first day after an interest payment at 120, what yield will you receive 
on the bond, assuming (as the bond table does) that you plan to hold 
it to maturity? 

34 A 5 per cent bond was purchased January 2, 1944, at 101. The bond 
matures October 1, 1957. What is the yield if interest is paid semi- 
annually? 

35 Calculate the yield on a 5 per cent bond running 15 years, 6 months, and 
15 days, purchased at $1,026,858. Interest paid semi-annually. 

36 A5 per cent bond due on August 1, 1960, sold at 111 on December, 1943. 
If interest is paid semi-annually, what is the yield on the bond? 

37 Interest at 5 per cent is paid semi-annually on the bonds of a certain 
company. The bonds mature on January 1, 1959. If they were bought on 
June 1, 1943, at 106, what is the yield? 

38 At what price will a 3 per cent bond which matures in 20 years, 5 months, 
and 10 days, sell today to yield 4.9 per cent? Use Equitable table. 

39 At what price must a 5 per cent bond having 20 years, 2 months, and 20 
days to run, sell to yield 4.7 per cent? | 

40 Find the yield to maturity on Detroit Edison General and Refunding 4’s 
due October 1, 1965, bought at 112 in April, 1943. (Interest payable 
April and October.) Use the short method. 

41 Using both methods, find the approximate yield to maturity of the follow- 
ing securities: 

INTEREST 
xcu Der E e Marurtry Pam 


(a) 82 Standard Power & Light 8/1/43 6 2/1/58 February and August 
(b) 92 Cleveland Union Terminal 4/1/43 ΟΣ 4/1/72 April and October 


ISSUER 
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Calculation of interest coverage! 


In the selection of desirable bonds for investment purposes, the 
investor may be aided materially by certain mathematical calculations. 
Perhaps the first calculation to be considered is that which is commonly 
referred to as the interest coverage—that is, the ratio of earnings avail- 
able for bond interest to the amount required for bond interest. 

If a corporation has only one bond issue outstanding with annual 
interest requirements of $4,000,000 and if the corporation has earnings 
of $12,000,000 available for bond-interest payments, it can be easily 
seen that the interest has been earned three times. 

Assume, however, that the corporation has two bond issues out- 
standing, with interest requirements as follows: 


First mortgage bonds $ 400,000 
First refunding bonds 200,000 
Available for bond interest 1,200,000 


There is available for the payment of interest on the first mortgage bonds 
$1,200,000, or three times the amount required for bond interest. After 
$400,000 has been deducted from $1,200,000, there is still available $800,000 
for the payment of the $200,000 interest on the first refunding bonds. Since 
$800,000 
$200,000 
earned four times. 

This method, which may be called the prior deduction method of 
calculating interest coverage, gives a very distorted picture of the true 
facts, and its use 1s apt to deceive a buyer into thinking that a junior 
mortgage bond or preferred stock is stronger than a prior lien or a 
first lien issue of the same company. 

A second method of calculating interest coverage is called the 
cumulative deduction method. It is calculated as follows: 


Available for bond interest $1,200,000 
Interest on first mortgage bonds $400,000 


μα 1,200,000 _ 
limes earned: “400000 = 


=4, it can be said that the interest on the first refunding bonds is 


Interest on first refunding bonds 200,000 


$ 600,000 


=. 1,200,000 _ 
Times earned: -600.000 End 


In order to arrive at the coverage for the junior securities under 
this method, we combine the interest requirements and divide them 
into the total earnings available. The interest coverage would differ for 
the two issues. It would still be said that the first mortgage bond 
interest was earned three times on the average; but the interest on the 
refunding bonds would be described as having been earned twice 
rather than four times, as it was in the prior deduction method. 

! The discussion of bonds in this section deals only with methods of calculating certain ratios. The inter- 


pretation and standards of ratios for such investments, outside the scope of this discussion, can be found in 
any good book on investments. 
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A third method—and the most desirable one—is called the over-all 
or total deduction method. Here the calculation is to see how many 
times a// interest charges are earned. Using the figures from the fore- 
going example, we should calculate under the over-a// method as follows: 


available for bond interest 1,200,000 _9 
interest on 4 interest on 400,0004-200,000 ^^ 
first-mortgage bonds ' refunding bonds 
Although the over-all basis for computing interest coverage is now 
most common, the other two methods are used often enough to make it 
imperative for an investor to examine carefully all statements of inter- 
est coverage and to verify them by his own computations. | 
Two other expressions are sometimes used to denote the interest 
coverage. 
The first of these is the factor of safety. 
If the interest is computed to be earned twice on the average, and if interest 
is considered to be equal to 100 per cent, then the factor of safety (which 
may be defined as the shrinkage necessary in earnings before bond interest 


cannot be met) is 100 per cent. If the interest coverage is m times (175 per 
cent), then the factor of safety 1s 75 per cent 
(175 per cent — 100 per cent). 


Less frequently used in investment literature, the second term, 
margin of safety, is defined as the ratio of the balance, after interest, 
to the earnings available for interest. Thus, if the interest is earned 
twice on the average, the margin of safety becomes 

] 27-2250 per cent. 


If interest is covered » times, the margin of safety becomes 


= iB = 42 per cent. 


Relation of bonded debt to assets 


In selecting bonds, a careful investor always considers the rela- 
tionship of the debt to the net asset value. Consider a corporation 
with the following balance sheet: 


Assets $1,200,000 Current liabilities  $ 200,000 
Bonds 600,000 
Common stock 300,000 
Surplus 100,000 
$1,200,000 $1,200,000 
Total assets $1,200,000 
Less: Current liabilities 200,000 
Net assets $1,000,000 
If the $1,000,000 is considered the net asset value, the bonded debt is 


equal to 66 per cent OO Rye 66; per cent) of net assets. 
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A somewhat similar ratio (called the stock equity ratio) based on 
the stock capitalization, is found! by dividing the equity of the 
stockholders (in this case, common stock of $300,000 plus surplus of 
$100,000 = $400,000) by the bonded debt. 

400,000 2. 662 | 
600,000 3" 993 per cent. 

This is equivalent to dividing the net assets by the bonded debt 
and deducting 1 from the quotient. 

1,000,000 .2 12 ι 2 
600,000 3 3 3 

Coming into more common use is the stock value ratio, which shows 
the relation of the stockholders’ equity to bonded debt. It is cal- 
culated as follows: 

1=par value of bonds (7.e., total bonds outstanding) 
2=number of preferred shares X market price per share 
3=number of common shares X market price per share 


stock value ratio for bonds = 
stock value ratio for preferred stocker 


Convertible bonds 


Often corporations include in their bond contracts a provision which 
permits a bondholder to exchange his bond at any time for a stipulated 
number of common shares. A security containing such a provision, 
whether it be a bond or a preferred stock, is called a convertible 
security. The ratio at which one security is exchangeable, or con- 
vertible, into another is known as the conversion ratio. There is a great 
lack of uniformity in the method of stating conversion ratios. For the 
sake of uniformity, this text will always describe conversion exchanges 
in the number of shares of stock into which a $1,000 bond is made 
exchangeable, or the number of shares of common stock into which 
one preferred stock may be exchanged. 


CALCULATION OF THE CONVERSION RATIO 


The Great Northern 4's of 1946 are convertible into preferred stock 
at $40. The conversion ratio is then: 
par value of bond $1,000 


value per share of stock — $40 modem 


A $1,000 bond would be convertible into 25 shares of Great Northern 
Preferred stock. 


Often the conversion ratio is stated in the bond; under such cir- 


1In New York, certain types of bonds are not eligible for investment by savings banks unless they meet 
certain standards. In the procedure defined by the New York statute for making the preceding calculation, 
the surplus is not included as a part of the stock capitalization; therefore, such a ratio may be shown at a figure 
different from that which your own calculation shows. Notwithstanding the New York statute, the method 
which includes the surplus as part of the stock capitalization is preferable. 
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cumstances, the problem becomes one of stating the conversion ratio 
in the value of the stock. An example of this kind is as follows: - 


Carrier Corporation, Convertible 4l per cent bonds of 1948, are convertible 


2 
into 36 shares of common stock through October 1, 1944, and into 32 shares 
between October 1, 1944, and July 15, 1948. In the first instance, the stock 


is therefore given an exchange value of $27.78 per share in conversion. 


1,000 
$36 δα]. | 

Once a bondholder knows the conversion ratio, how is he to decide 
when to convert? In reaching his decision, he must consider the market 
price of the common stock, the market price of his bond, the income 
after conversion, as well as the income he is receiving on the bond. 
In many instances, an investor is not concerned about converting, but 
instead elects to sell his bond, because by converting he would change 
his position from that occupied by a bondholder to that occupied by a 
common stockholder, but the person who trades actively on the 
exchange seeks opportunity for profits, and finds them occasionally 
in convertible issues. 

In 1937, Baldwin Locomotive Works issued some 6 per cent refunding 
mortgage convertible bonds due in 1960. These bonds were paid off by the 
company in August, 1943. Under the conversion feature of the bonds, it was 
provided that until September 1, 1945, the bonds could be converted at the 
option of the holder into 65 shares of common stock for each $1,000 bond; 
thereafter they were convertible into only 55 shares. Before September 1, 
1945, the conversion parity was: $1,000 bond equals 65 shares of stock. 
The bond at par was convertible into 65 shares, or the price equivalent of 


1,000 
-g5 7915538. 

Stocks and bonds fluctuate daily in price, and although the conver- 
sion parity of the stock was $15.38 when the bond was selling at par, 
a reduction in the price of the bond to 65, with the price of the stock 
above 10, would make conversion profitable, and the price of the bond 
would be likely to rise to the conversion level. It is usually true that 
when two securities are near conversion parities, whether the bond 1s 
selling above or below par, the fluctuations in the price of the stock 
will exercise a considerable influence on the price of the bond. It is 
possible to work out a whole series of conversion parities; and if the 
trader anticipates profits from dealing in convertible securities, he 
works out such a schedule so that he can see at a glance when the 
conversion privilege becomes valuable. 

Between 1937 and 1943, the price of the Baldwin Locomotive Works bonds 
fluctuated from a low of 57 to a high of 139. Knowing the range of probable 
fluctuations, a trader would work out a schedule as follows: If the bonds were 


quoted at 55; ($552.50 for a $1,000 bond), and if one bond was convertible 





Schedule of conversion parities, Baldwin Locomotive Works 6% debentures, 


ea 


TABLE c 





CONVERSION PARITIES 


due 1960, into 65 shares of common stock 


Stock prices with decimals are approximations. When bond prices are in exact relationship, the stock price 
is not shown as a decimal. Thus, when the stock price is shown as δὲ or 9, the relation is exact, but when the 
stock price is shown as 8.5 or 9.1, the relationship is only approximately correct. 
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into 65 shares of common stock, the equivalent value of common stock in 


conversion would be $552.50 1 


65 shares 2 
If the bonds were selling at 104 and were convertible into 65 shares, then 
in conversion each common share would have a value equivalent to 
$1,040 _ 
65 shares - 
In this way, a table such as Table c could be worked out. 

No general conversion tables are available. They are easily con- 
structed and are generally developed to fit each particular situation. 
From Table c, an investor can see 
if it would pay him to buy Baldwin 
Locomotive bonds and sell os if 


the bonds were selling at 994 and 


2 

the stock at 157. The table shows 

NS 
that, with bonds at 997, the com- © 

o) 
mon stock would have to have a n 
value of more than 157 a share to n 
make conversion profitable. o 


If the ere of the bond should 


fall to 845, at what price would the 
common stock have to sell to make 
conversion profitable? 
1 
The table of bond prices of 845, 
shows that the conversion parity for 
stock is 13. Thus, the stock would 
have to sell above 13 if buying a bond 
and converting it were to be profitable. Chart Showing Conversion Parities of Bond and 
A conversion schedule is devel- Stock Prices for $1,000 Bond Convertible 





60 
SO 55 60 65 70 75 80 85 90 95 


PRICE OF BOND 
Fig. 42 


> s 1 
oped by using the ratio of into 8- Shares of Common Stock 
(The line represents the conversion parity. If the 
. bond prices — price of the stock is above the conversion parity 
number of shares line, conversion is profitable.) 


If the price of a bond is divided by the conversion ratio, the quotient 
is the parity price of the stock. We must remember, however, that, 
when bond prices are quoted, they do not represent the price at "which 
the actual transfer takes place, since the price which must be paid 1s 
the quoted price plus accrued interest. This adjustment is always made 
at the time of sale (unless quotation is "flat", which means that bonds 
are sold at the quoted price with no adjustment for unpaid interest). 

Since the quoted price of the bond does not show the accrued interest, 





GR 
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a table of conversion ratios based on quoted prices 1s not exactly 
accurate. The prices of stocks and bonds are not on a strictly compar- 
able basis, since stocks are always sold flat—that 1s, the price quoted 
includes the accrued portions of the dividends. If accurate comparisons 
are to be made, the price of one or the other must be adjusted. 

In the conversion tables which appear on page 1155, the price of the 
bond is the quoted price— which does not include accrued interest; 
and the parity price of the stocks was calculated by dividing the quoted 
bond prices by the conversion ratio. Since the market price of stocks 
is on a flat price basis, it 1s necessary to deduct the accrued dividends 
from the price of the stock before we can compare this latter price to 
the stated parity. We can say that the conversion point has been 
reached when the market price of the stock, less the accrued dividend, 
is equal to the parity price of the stock. 


USING ACCRUED DIVIDEND TABLES 


In order to find accumulated dividends with facility, we find it 
wise to construct, or consult, an accrued dividend table. This table 
can be rather simple since daily fluctuations on the New York stock 


market for stocks selling over 1 are quoted in terms of : of a point. 


Thus, a table may be constructed to show the accumulated dividends 
only to the extent that the stock-exchange fluctuations would occur. 
Thus, in the case of a company paying dividends at the rate of 4 per 
cent a year, the dividends would accrue at the rate of 1 per cent a 


1 ο... . 
quarter; and, in order to amount to = of a point in market price, the 


8 


dividends would have to accumulate for approximately 11 days. 
(2-0 days to accrue 1 per cent; Al days to accrue : per cent) 
If the stock were paying dividends at the rate of 2 per cent a year, 


the dividends would amount to only ; per cent per quarter, and 1t would 


take approximately 23 days for dividends to accumulate to : per cent. 
Table XCVIII, based on 365 days, shows the rate at which dividends 


accrue. The upper line, shown as the annual dividend rate, is expressed in 
percentages. The single column headed “Interest on $100” shows the ac- 


cumulated dividends expressed in fractions equal to : per cent. Thus, a $100 
share of stock which pays 8 per cent has dividends accumulating at the rate of a 


er cent in six days and 1 per cent in 46 days. A share of stock selling for 
525 and paying ὃ per cent would accumulate accrued dividends equivalent to 


1 per cent per $100 in 46 days, or the equivalent of 4 point per share. 
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The use of the table to determine if conversion is profitable is 
illustrated in the following: 


Illustrative Example 


If in 1943 the Phillips Petroleum bonds (mentioned in problem 46) 
sold at 110 and the stock at 50, 23 days after a common dividend date, 
is conversion profitable at the present prices, assuming the annual 
dividend rate to be $2? 

ντο 2.978 shares of stock 
One bond is convertible into 21.978 shares of stock 
Current dividend on stock =$2 (4% on $50) 
Number of days since last dividend payment =23 
To find parity price of stock, 


price of bond 1,100 


conversion ratio 21.978 


--ο0.05. 


Look now to the accrued dividend table. Under the section for 4 per cent, 
we find that for 23 days, dividends equivalent to A per cent have accrued. 
Therefore, if conversion is to be profitable, the price of the stock must be 
equal to, or greater than, the conversion parity after ; point for accrued 
dividends has been subtracted. Subtracting 5 per cent from 50, we find that 
497 is below the point at which conversion would be profitable. 


In recent years, several convertible issues, such as Allis Chalmers 
15-year convertible S.F. debentures 4 per cent due 1952, contain the 
provision that “adjustment will be made for accrued interest and divi- 
dends upon conversion”. Under such circumstances, the type of 
calculation explained above would be made by the company, and the 
investor would make his decision to convert or not to convert on the 
basis of his conversion schedule without adjusting for accrued divi- 
dends. On the other hand, some bonds, such as Consolidated Textile 
Company income 15-year convertible 5’s of 1953, specifically provide 
that “no adjustment or payment on account of any accrued or unpaid 
interest on the debentures will be made". Under such circumstances, 
the bond is accepted at face value; and, if the common stock pays regu- 
lar dividends, adjustment would entail the addition of the accrued 
dividend on the stock to determine whether conversion is mathe- 
matically profitable. 

Thus far, we have discussed the profitableness of conversion purely 
on the basis of the prices of the securities involved. Discrepancies 
will not long exist between the prices of two securities, one of which 
is convertible into the other. Arbitragers will soon prevent the senior 
security from selling below the conversion parity, since it 1s always 


ub 
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possible to buy bonds and convert them for delivery against short 
sales of stock. To illustrate this practice, assume the following situation: 

A bond is convertible into 40 shares of common stock. If the bond 
is quoted at 100 and the stock 1s selling for 28, a trader would: 


a Sell 400* shares of stock at 28 $11,200 
b Buy 10 bonds @ $100 each 10,000 


Gross profits (ignoring commissions) $ 1,200 


He could convert the bonds into stock and deliver the stock he received 
to cover the stock he sold. 

Another important item to consider, in deciding whether to convert, 
is the income to be derived from the securities involved. In determin- 
ing conversion on the basis of income, the investor must weigh not only 
the yield on the two securities but also the degree of risk involved. 
The fact that a fixed relationship will tend to exist between the prices 
of the two securities, once the price of the common stock rises to con- 
version parity, makes it necessary to have some basis other than price 
on which to judge the desirability of conversion. 

Assume, for example, that a 6 per cent preferred stock is convertible 
into common stock on a share-for-share basis. On the basis of income, 
it would be profitable to convert as soon as the common dividend 
exceeded the preferred dividend of 6 per cent, but the chance that the 
preferred dividend would continue in the future, while the dividend 
on the common might be discontinued, would prevent many people 
from converting. On a purely mathematical basis, one can compare 
only the yields. This, however, is rarely the determining factor. 


TEST YOUR KNOWLEDGE OF MATHEMATICS OF SECURITIES 


42 Compute the coverage of interest charges for each bond issue of the 
Pennsylvania-California Corporation by each of three methods. What is 
the factor of safety and what is the margin of safety under each compu- 


tation? 

Net earnings after depreciation and taxes $1,000,000 

Interest on first mortgage bonds ΐ 
Balance $ 500,000 

Interest on first refunding bonds 100,000 
Balance $ 400,000 

Interest on debenture bonds 200,000 
Balance $ 200,000 

Dividends on preferred stock 50,000 
Net available for common stock $ 150,000 


43 The annual dividend of a certain stock is $2 a share, and the shares are 
currently quoted at $50. If the dividend is paid quarterly and the last 
dividend was paid 46 days ago, what is the accrued dividend per share? 

44 Assume that the X Manufacturing Company has bonds convertible 
into 65 shares of common stock. (Use the conversion parity table of the 
Baldwin Locomotive Works on page 1155.) If the common stock has an 


* In this illustration, 400 shares is used simply as a convenient figure. 
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OIZKO? 


annual dividend of $1.74 and if the last payment was made 76 days ago, 
would it be profitable to convert if the bond is selling at 91. and the 
stock at 145? 


45 On December 31, 1942, the United Biscuit Company had outstanding the 
following securities: | 
3; oes tane debeas $6,580,000 


25,000 shares of preferred stock, average market price of 109 
468,283 shares of common stock, average market price of 13 


Total assets 26,791,299 
Current liabilities ,736, 

Net available for bond interest 3,879,318 
Interest on debentures 230,300 


Calculate (a) the interest coverage, (b) the ratio of bonded debt to net 
assets, (c) the stock-value ratio for bonds, and (d) the stock-value ratio 
for preferred stock. | 


46 The Phillips Petroleum Convertible 8 per cent bonds due in 1951 are 
convertible into common at $455 to November 1, 1946, and at $505 


thereafter. (a) What is the conversion ratio before November 1, 1946? 
(b) What is the conversion ratio after November 1, 1946? 

47 United Aircraft 5 per cent cumulative preferred stock is convertible into 
common at $40 a share until January 1, 1952. Construct a conversion 
table for these two stocks. Look at the New York Stock Exchange 
quotations in the newspaper and see from your table if conversion would 


be profitable today at the present price. 

48 Find the accrued dividends on a $100 par value share of stock which pays 
dividends at the rate of 6 per cent, two months after the last dividend 
was paid. 

49 The annual dividend rate on a share of stock is $9. What are the accrued 
dividends per share 8 weeks after the last dividend? 


Steck purchase warrants 


A privilege often given to senior security holders, somewhat similar 
to the convertible feature, is known as an option warrant or stock 
purchase warrant. These privileges, which may run for a limited time 
or which may be perpetual, give the holder the right to buy stock from 
the company at a fixed price. For example, the Atlas Corporation has 
outstanding some stock purchase warrants, known as the Atlas 
Corporation Warrants, which give the right to buy common stock 
from the company at $25 per share. Such certificates are often actively 
traded on the New York Curb Exchange since under certain circum- 
stances they may be extremely valuable. 

Often the warrants permit payment to be made in some other 
security of the company. Thus, Electric Power and Light Warrants 
give the holder the right to buy common stock at $25 per share, but 
payment may be made either in cash or by tendering second preferred 
stock at $100 a share. | iae. ew X 
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‘The value of such a warrant can be calculated as follows: 
S=subscription price at which the option warrant holder may buy 
new stock. 
M, - market price per share of common stock outstanding. 
V, - exercisable value of option warrant. 
M, - market price of warrant. 
P — market price of senior security (in this case, the preferred stock) 
which may be tendered in payment for the common stock. 
y=ratio at which senior security will be accepted in lieu of cash in 
exercising the warrant. 
In the example we are working, 
$ $25; M.-85; M, 4; Pelo: =$ ad, 
since, under the conditions stated, one share of preferred stock plus four 
warrants may be used to obtain four shares of common stock. 


M.— E ET Ῥω 
r 
Substituting, we have 
"EON 
2 4 2 


the exercisable value of the option warrants. If the warrants were quoted 
in the market at 4, they could be profitably purchased, and exercised by 


using preferred stock to make the subscription payment. Such a condition 
can be only temporary, for arbitragers or traders, noticing the discrepancy, 
will soon buy warrants and preferred stock on the market, then will exercise 
the warrants, and sell the common stock profitably. Therefore, we can con- 
clude that M;,— M, will, with rare exceptions, be equal to or less than the 
subscription price, $, or the quotient of the market price of the senior security, 
P, divided by the ratio, r, at which it may be tendered in payment for the 


Γ᾽ 
common —. 
^ P 
Με My S— or δ. 


Warrants are usually purchased in anticipation that one of the 
securities involved will move in such a way as to make it possible for the 
owner of the warrant to profit either from exercising or selling the 
warrant. It is therefore important to know how to determine what 
changes are necessary to make an operation successful. The market 
price of the common must rise to the point at which it is equal to the 
sum of the subscription price plus the cost of the warrant before the 
warrants can be exercised with no loss. When no other securities are 
involved, this is not a difficult calculation. 

If another security may be used in lieu of cash in payment for the 
new stock, another factor may have to be considered, thus adding to 


the complexity of the problem. The relation of Z may also have to be 


considered, especially is P if less than the exchange value. These 
relationships can perhaps best be illustrated with a problem con- 
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cerning a speculator who has bought warrants of the Maniti Sugar 
Company, planning either to exercise or to sell his warrants at a profit. 


Illustrative Problem 


The Maniti Sugar Company has outstanding option purchase 
warrants which run until November 5, 1947. The holder of each war- 
rant is given the right to subscribe to common stock at the rate of 
$12.50 for each warrant he possesses. The company’s 4 per cent sink- 
ing-fund bond due in 1957 may be tendered in lieu of cash at the 
principal amount plus accrued interest for payments of the subscrip- 
tion price. In 1941, the bonds sold at 32, the warrants at 1, and the 


common at 4s. What changes would need to take place in the price 


of these securities to make the purchase of the warrants at 1 a successful 
speculation? 


1 100 
=i OU: M; 4s MEL: Έτος, '—8]250^9 
M,-L- V =the exercisable value 
1 32 1 
cx cae 
Here we see that, although the market price of the common 15 82 


8 
points below the subscription price, the warrants still had an actual 
value because the senior security which could be tendered in lieu of 
cash was also selling below its exchange value. A speculator buying 


the warrant at 1, however, would be paying : of a point more for each 


warrant than its exercisable value. Such a speculator must have 
believed that any one of several things might happen to give the 
warrant greater value. If the price of the common stock rises, he will 
gain. 1 

Assume that the market price of the common rises to ὃς and that the 


bond continues to sell at 32. What is the exercisable value of the 


warrant? 
1 32 il 
8 8 8 
If the price of the bond should fall, say to 28, and the price of the 
common stock should remain unchanged, the value of the warrant 
would be determined as follows: 
1 2 ο 


5-———=1-=the exercisable value of the warrant. 


ο ο 8 


If the price of the common should rise, 1t is extremely likely that 


5 
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the price of the bond would also rise; or, if the price of the bonds fell, 
the same forces which caused their decline would be likely to force 
down the price of the common. If both prices move in the same 
direction and proportionately, the warrants will not gain in exercisable 
value until the bonds sell for par. By early 1943, the bonds sold at 64, 
7 


the common stock at 8. and the warrants were quoted at 15. Their 
1, 54 ΙΙ 
exercisable value was ὃς gg 


If, under such circumstances, a rumor that the company was to 
declare a sizable dividend on common should bring about a rise on 
those shares to 10, while the bond prices remained unchanged, the 
warrant holders would profit. What factors might change in such a 
way that an increase in the price of common stock would result? In the 
first place, it must be remembered that the company has not paid a 
dividend on this stock. Therefore, until the prospects for dividends 
appear good, it is unlikely that the common will sell at a price suff- 
ciently high relative to the bonds to warrant conversion. On the other 
hand, if it now appears that the earnings of the sugar company will be 
especially good in the post-war years before 1947 and that the price of 
the common will rise, the speculator has in the warrants an excellent 
medium for speculation. 


Assume that the warrants were quoted at 2 when the common was 
selling at 8. If earnings increase, the price of the bonds will move 
toward par, as the common increases 1n price. When both are at par, 
the warrants will have no exercisable value, but speculators will force 
up the price of the warrants, since, when the common is selling at 
$12.50, every dollar increase in market price (at $12.50, an increase of 
$1 is an ὃ per cent increase) of the common will increase the value of 
the warrant by $1. Thus, the percentage increase in price of the 
warrant is magnified. How far speculation would drive the price of the 
warrant cannot be determined exactly. If the stock continued to pay 
no dividends, many would feel justified in buying warrants rather than 
stock. For one thing, the loss of interest on the amount involved in 
the purchase of the warrants would be less than the loss of the interest 
involved in the purchase of the common stock. If the warrants did not 
then expire, the savings in interest would, in a reasonable time, justify 
the original higher purchase price. 


John Burr Williams developed! the following formula, which enables 
one to calculate how many years z would have to lapse with no divi- 
dends to make the warrants and the common stock equally attractive 
at their present prices: 

— log (M;— My) —log 8 
a log v l 


i The Theory of Investment Value, Harvard University Press, Cambridge, Massachusetts, 1938, p. 546. 
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This formula would not apply to the Maniti Sugar Warrants, since 
they have a definite expiration date. Assume, however, that they were 
to run indefinitely, and that: 

M,=15 
"i 
M,,=8 
1-50 per cent 
1 


Inserting these figures in the equation, we have: 


„log (15—8)—log 12.50 _0.845098—1.09691 _ 9 o5 

7 log 0.9434 |. 99746906—10 ~~~ 
Thus far, we have dealt with only a non-dividend-paying common 
stock. Suppose that the holder of the warrant has the right to subscribe 
to a stock paying a regular dividend. Then the relation between the 
price of the option warrant and the price of the common stock 1s more 
complex. When another security may be used in lieu of cash in exer- 
cising the warrant, an additional complicating factor is added, but, in 
any event, the need of the funds to exercise a warrant 1s a factor which 
varies in its influence on the spread between the two prices. Thus, 
exact accuracy cannot always be achieved. The dividend rate on the 
common stock, as well as the anticipation of changes in the dividend 
rate, will have an important bearing on the relationship of the price of 
the option warrants and the price of the common stock. We have 

already seen that 


M,— M, S, or = 


This equation expresses the maximum differences between the two 
prices. The minimum spread between the two will be governed by 
what the investor determines is a fair return on the money which he 
has to invest. The difference between M, and Me will tend never to be 
less than an amount on which the dividend affords a fair return. If it 
were less, warrant holders would sell their warrants and buy stock at 
the market price; thus, they would be able to obtain stock with the 
proceeds of the sale of the warrants, together with additional funds, 
at a price which gives a return better than one which they consider to 
be fair. 

This explanation may be clarified by the following example: Assume 
that a stable company which pays a fixed dividend (A) of $3.60 a share, 
has warrants outstanding which give the holder the right to subscribe 
to stock at $70 a share. Assume, further, that, according to investors, 
a return of 6 per cent (7) 1s a fair one on such stock. Whenever the 


P) (5) seo, the investor 


stock can be acquired at less than —————_ 
o per cent 
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will obtain what is to him a better than average return. Consequently, 
the difference of M,—M, must be greater than $60, or the investor 
will sell his warrants, and with additional cash will buy stock of the 
company at the market price, since his return on the additional funds 
invested will be what he considers above normal. 

[n the example given, if the price of the stock should fall to 65 and 
if the warrant were quoted at 10 


$3.60 


6 per cent 


the holder of warrants could sell them for $10 each, and, by adding $45 
to this sum, could acquire a stock which furnished a yield of more 
than 6 per cent. Therefore, we can conclude that: 


[ (4, -- Μο) «^ anes 10-25. Πάτα ese than =$60 | 


R R 
Z MES --- — S 


We have previously learned that M.— Me £S or A A combination 


r 
of these two expressions gives a rational upper and lower limit for the 
spread between warrants and dividend-paying common stock. 


= (M;— My) SS or = 


The limits of the maximum spread between the price of the common 
and the price of the warrants is more exactly determined and more 
effective in the market than is the determination of the minimum 
spread, for, in the latter instance, there are present such variable 
factors as the investor’s judgment as to future dividend policies, 
managerial changes, the subjective concept of what is a fair return, 
and a host of others. It must also be emphasized that our discussion 
deals with the mathematics of investment values, and that market 
prices are often irrational. The successful investor, however, must 
make his decisions on a rational basis, and it is with that basis that we 
are here concerned. 

If an investor has purchased an option warrant with the antici- 
pation of exercising it—that is, not seeking merely a speculative rise in 
value—, he will hold it until the dividend on the common stock is 
large enough to justify the payment of the subscription price. In 
order, therefore, to determine the spread between M, and Δι, we must 
find an approximation of z, the number of years until the warrants are 
to become exercisable. One who holds the warrants for z years and 
who keeps invested elsewhere an amount equal to the subscription 
price, at what he considers a fair rate of return, 7, would receive the 
same return as one who holds the common shares for z years and who 
received the dividends. By formula, then: 


Myt Sv? = M,—R(a¥?)- 














This is equivalent to saying that the cost of the stock to the warrant 
buyer is the cost of the warrant, plus the present value of his future 
subscription, and that the total outlay of the purchaser of common 
stock is the purchase price of the common less the present value of 
dividend payments for 7 years. 


Transposing this formula, which gives the spread between the 
common stock and the warrants, we get 


M,—M, = Sv"? - R(4EP). 


Conversely, we can solve the same equation for n instead of for 
(M.—M.,), and determine the number of years which the market 
expects to elapse before the exercise of the warrants becomes justified. 
To solve for z, we should give the formula the form of: 


_log [O44 Μο) -- Κ(αββ)] 
ών p(log Sv) 


It may aid an investor to make a satisfactory investment if he 
realizes precisely how much time, on the basis of price, the market 
expects to elapse before the exercise of the warrants becomes justified. 
With this knowledge, he may be able to select satisfactory investments 
and to reject those which are likely to prove unsuccessful. 


Stock rights 


Warrants may be issued for any one of several reasons, and because of 
their teleological basis, they usually run for long periods, if not perpet- 
ually. Stock purchase rights, or stock rights, are similar to warrants 
in that they give the holder the privilege of subscribing to a fixed 
amount of stock at a definite price. They differ from warrants, how- 
ever, in purpose and in length of life. The laws of many States provide 
that, when a corporation plans to expand through the sale of additional 
stock, the existing stockholders must be given a pre-emptive right to 
subscribe to the new stock before outsiders are given the opportunity. 
This privilege gives rise to stock rights, which, like warrants, are 
deas certificates generally traded on the organized exchanges. 
Unlike warrants, these instruments generally have a life limited to a 
very short period of time. Their use and the calculation of their value 
are illustrated if we assume the following conditions: 


The stock of the Dew Chemical Company has been selling at $45 a 
share, and the old stockholders are given the right to subscribe to one 
new share at $30 for each four old shares held. If an investor went 
into the market and purchased four old shares with the rights attached, 
the cost of the four shares would be $180. For an additional $30 and 
the rights from the four old shares, he could buy one new share. His 
total investment for five shares would therefore be $210. Since he 
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now has five shares, the average price paid has been $42 a share 


= -$42). After the rights have been exercised and the new stock 


issued, each share 1s like every other share, and the market price of 


all shares would tend to drop to $42. It 1s easy to see that the privilege 
of buying stock for $30 which will immediately sell for $42 1s worth $12. 


$42 —$30 — 312. 
In order to subscribe to one new share of stock, he needed the rights 
from four old shares. Their value must be $3 (5) each. The value 


of the right attaching to each old share is referred to as the New York 
Right. These rights are quoted on the New York Exchange on the 
basis of the value of the rights attaching to each old share. If it is 
necessary to have the right attaching to more than one share in order to 
subscribe to one new share, the value of the New York Right (7.e., the 
right attaching to each old share) will be less than the value of a 
right to subscribe to one new share. The right to one new share 1s 
called a Philadelphia Right, to distinguish it from a New York Right. 

The formula for calculating the theoretical value of a New York 
Right is as follows: 





m— S 
as r+1 
where V =the value of the right 


m= market price per share of the old stock 

δ — cost per share of the new stock,—i.e., subscription price 

r=the number of old shares it is necessary to own in order to 

be given the right to subscribe to one new share. 
Substituting our values from the preceding example, we have: 
45—30 15 
m=$45; S=§$30; r=4; V= iX =~ $3.00. 
The value of the Philadelphia Right—that is, the value of the right to 

purchase one new share—is equal to 


rV =4X$3 =$12. 


As soon as the rights are issued, the stock sells ex-rights—that is, 
purchasers of the stock do not receive the rights, since they are 
retained by the person owning the stock at the time the rights were 
issued. When stock is selling ex-rights, the value of a New York Right 
would be determined by the following formula, with M equalling the 
value of the stock ex-rights: 





M—S 
r 





Substituting the figures from the preceding situation, we get 


poegi w- 
A i 
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The value of a Philadelphia Right would be determined by the 
formula: 
M — S. II 

Using the figures as in I, we get $42—$30— $12. 

The real problem involved, however, is the choice of whether to 
exercise the right or to sell it in the market. If the holder of the stock 
has purchased it on the basis of a specific yield, he must determine as 
best he can how the additional assets will affect the income and dividend 
policies of the company. Assume that a large New York bank whose 
stock sells at 80 has paid annual dividends of $4 for the past 20 years. 
If earnings have been high enough to give adequate protection to such 
a dividend, and if the stockholders are given the right to subscribe to 
one new share of stock at $50 for each 5 old shares, the theoretical 
value of the New York Rights would be 

80—50 _ 9. 

Ες 
and the stock ex-rights would sell for $75. If, however, the holder of 
the stock expects that in the future the stock will sell at the same 
specific yield of 5 per cent as it has in the past 

$4 annual dividend. - 
$80 market price > PO Cent ) 


and if he expects dividends to continue in the future at $4 a share, 
then at the end of two years he would expect the stock of the bank 
again to be selling at 80. He would have gained by exercising his right 
rather than selling it. Had he sold the rights at $5 each, he would 
have gained $25. By exercising the rights, he bought for $50 a share 
of stock now selling is $80. During the interim he has received income 
on the stock, and the market has appreciated on all shares he owns. 





TEST YOUR KNOWLEDGE OF STOCK RIGHTS AND WARRANTS 


50 The warrants of the United Corporation give the holders the right to 
subscribe to common stock at $27.50 a share. On December 31, 1929, 


these warrants sold at 145 and the stock sold at m If the stock paid no 
dividend, how many years would need to elapse without dividends to 
justify the spread of only v points instead of 27 points between the 


warrants and the stock? Interest at 6 per cent. 

When the stock of Eastern Airlines was quoted at 44, stockholders were 
given the right to subscribe to new shares at $32 a share, in the ratio 
of one new share for each four shares held. (a) Calculate the value of 
a New York Right. (b) Calculate the value of a Philadelphia Right. 
52 When Montgomery Ward stock was selling at $50 a share, stockholders 


5 


μιά 


3 
were given the right to subscribe to one new share at $40 for each 67 


ΞΡ held. Calculate the value of (a) a New York; (b) a Philadelphia 
ight. 
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10 


1 
5% 


.. 1.00500 


1.01003 
1.01508 
1.02015 
1.02525 


1.03038 
1.03553 
1.04071 
1.04591 
1.05114 


1.05640 


1.11042 
1.11597 
1.12155 
1.12716 
1.13280 


1.13846 
1.14415 
1.14987 
1.15562 
1.16140 


1.16721 
1.17304 
1.17891 
1.18480 
1.19073 


1.19668 


1.20266. 


1.20868 
1.21472 
1.22079 


5% 


1.00750 
1.01506 
1.02267 
1.03034 
1.03807 


1.04585 
1.05370 
1.06160 
1.06956 
1.07758 


1.08566 
1.09381 
1.10201 


. 1.11028 


1.11860 


1.12699 
1.13545 
1.14396 
1.15254 
1.16118 


1.16989 


1.25127 


1.26066 
1.27011 


1.27964 


1.28923 
1.29890 


1.30865 
1.81846 ` 


1.32835 
1.33831 
1.34835 


1.01000 
1.02010 
1.03030 
1.04060 
1.05101 


1.06152 
1.07214 
1.08286 
1.09369 
1.10462 


1.11567 
1.12683 
1.13809 
1.14947 
1.16097 


1.17258 
1.18430 
1.19615 
1.20811 
1.22019 


1.23239 
1.24472 
1.25716 
1.26974 
1.28243 


1.29526 
1.30821 
1.32129 
1.33450 
1.34785 


1.36133 
1.37494 
1.38869 
1.40258 
1.41660 


1.43077 
1.44508 
1.45953 
1.47412 


1.48886 - 


TABLE LXXXIX 
FUTURE VALUE OF $1 
s==(1-+2)" 

170 


1 
15% 


1.01250 
1.02516 
1.03797 
1.05095 
1.06408 


1.07738 


1.13227 


1.14642 
1.16076 
1.17526 
1.18996 
1.20483 


1.21989 
1.23514 


1.38125 
1.39851 
1.41599 
1.43369 
1.45161 


1.46976 
1.48813 


1.50673 


1.52557 
1.54464 


1.56394 
1.58349 
1.60329 
1.62333 
1.64362 


1 
15% 


1.01500 
1.03023 
1.04568 
1.06136 
1.07728 


1.09344 
1.10985 
1.12649 
1.14339 
1.16054 


1.17795 
1.19562 


+ 1.21355 


1.23176 
1.25023 


1.26899 
1.28802 
1.30734 
1.32695 
1.34686 


1.36706 
1.38756 
1.40838 
1.42950 
1.45095 


1.47271 
1.49480 
1.51722 


1.81402 





3 
1206 


1.01750 
1.08531 
1.05342 
1.07186 
1.09062 


1.10970 
1.12912 
1.14888 
1.16899 
1.18945 


1.21026 
1.23144 
1.25299 
1.27492 
1.29723 


1.31993 
1.34303 
1.36653 
1.39045 
1.41478 


1.43954 
1.46473 
1.49036 
1.51644 
1.54298 


1.56998 


1.59746 


1.62541 
1.65386 
1.68280 


1.71225 
1.74221 
1.77270 
1.80373 
1.83529 


1.86741 





1170 © 


270 


1.02000 
1.04040 
1.06121 
1.08243 
110408 


1.12616 
1.14869 
1.17166 
1.19509 
1.21899 


1.24337 
1.26824 
| 1.29361 
1.31948 


1.4587 - 


1.37279 
. 1.40024 
1.42825 
1.45681 
1.48595 


1.51567 
1.54598 


1.77585 
1.81136 


1.84759 


2.03989 


2.08069 


2.12230 


2.16475 


2.20804 . 





1 
2270 


1.02500 
1.05063 
1.07689 
1.10381 
1.13141 


1.15969 
1.18869 
1.21840 
1.24886 
1.28009 


1.31209 
1.34489 
1.37851 
1.41297 
1.44830 


1.48451 
1.52162 
1.55966 
1.59865 
1.63862 


1.67958 


1442157: 


1.76461 
1.80873 


~ 1.85394 


1.90029 
1.94780 
1.99650 


2.04641 


TABLE LXXXIX (continued) 


FUTURE VALUE OF $1 


1.19405 
1.22987 
1.26677 


. 1.30477 
.. 1.84392 


1.38423 
1.42576 
1.46853 
1.51259 
1.55797 


1.60471 
1.65285 
1.70243 
1.75351 
1.80611 
1.86030 
1.91610 
1.97359 
2.03279 
2.09378 


2.15659 
2.22129 
2.28793 
2.35657 
2.42726 


2.50008 
2.57508 
2.65234 
2.73191 
2.81386 


2.89828 


2.08523 


3.07478 
3.16703 
3.26204 


s=(1+i)" 


a 


2 L 
1.03500 


1.07123 


1.10872 
1.14752 
1.18769 


1.22926 
1.27228 
1.31681 
1.36290 
1.41060 


1.45997 
1.51107 
1.56396 
1.61870 
1.67535 


1.73400 
1.79468 


. 1.85749 
1.92250 


1.98979 


2.05943 
2.13151 
2.20612 
2.28333 
2.36325 


2.44596 
2.53157 
2.62017 
2.71188 
2.80679 


2.90503 
3.00671 
3.11194 
3.22086 


. 3.33359 


3.45027 
3.57103 
3.69601 
3.82537 
3.95926 


4% 


1.04000 
1.08160 
1.12486 
1.16986 


1.21665. 
1.26532 


1.31593 
1.36857 
1.42331 
1.48024 


1.53945 
1.60103 
1.66507 
1.73168 
1.80094 


1.87298 
1.94790 
2.02582 
2.10685 
2.19112 


2.24004. 


2.36992 
2.46472 
2.56330 
2.66584 


2.77247 
2.88337 
2.99870 
3.11865 
3.24340 


3.37313 
3.50806 
3.64838 
3.79432 


3.94609 
~ 4.10393. 


4.26809 
4.43881 
4.61637 
4.80102 


PRACTICAL MATHEM 


5% 


1.05000 
1.10250 
1.15763 


1.21551: 


1.27628 


1.34010 
1.40710 
1.47746 
1.55133 


ο / 1.62890 


1.71034 
1.79586 
1.88565 
1:97993 
2.07893 


2.18288 
2.29202 
2.40662 
2.02695 
2.65330 


2.78596 
2.92526 
3.07152 
3.22510 
3.38636 


3.55567 
3.73346 
3.92013 
4.11614 
4.32194 


4.53804 
4.76494 
5.00319 
0.25335 
5.51602 


5.79182 
6.08141 


6.38548 . 


6.70475 
7.03999 
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ores ery eM m TETTE BS STN EU NIRE TOT T ETE PET ip een tpe SC AREE CT PETIT E I NT UE ET I SE ET TE LEE ED SRT cE ETRE SIE SINE EEE ES LEELA EIT ITAL EIR, 








TABLE XC 
PRESENT VALUE OF $1 
ὶ nx: ac els 
3 om cq 
! 3 1. 1 3. 
n MI το 1% 17% 15% 15% 
| 1 0.99503 0.99256 0.99010 0.98764 0.98522 0.98280 
Γ 2 99008 98517 98030 97546 97066 96590 
3 98515 97783 97059 96342 95632 94999 
4 98025 97055 96008 95152 94218 93296 
5 97537 96333 95147 93978 92896 91691 
6 97052 95616 94205 92818 91454 90114 
7 96569 «94904 93272 91672 90103 95564 
8 96089 94198 92348 ^ 90540 88771 87041 
ους 95811 93496 91434 89422 87459 85544 
10 95135 92800 90529 88318 86167 84073 
11 94662 92110 89632 87228 84898 82627 
12 94191 91424 88745 86151 89699 81206 
13 93722 90743 «866 .85087 82403 79809 
14 98256 90068 86996 84037 81185 78437 
15 92792 80397 86135 .82999 ./9985 77088 
16 92330 88732 85282 81975 78808 75762 
17 91871 88071 84438 80963 77639 74459 
18 91414 87416 83602 . 79963 76491 73178 
19 90959 86765 82774 78976 75361 71919 
20 90506 86119 81955 78001 14247 20683 
21 .90056 .85478 81143 71088 73150 69467 
| 22 99608 84842 80340 76087 72069 68272 τ 
| 23 89162 84210 79544 75148 71004 67098 ` | 
| 24 .88719 83583 78757 74220 69954 65944 
| 25 88277 82961 77977 73303 68921 64810 
B 26 .87838 82343 77205 72398 67902 63695 | 
27 87401 81730 76440 71505 66899 62600 | 
28 86966 81122 75684 70622 65910 61523 | 
29 86534 80518 74934 69750 64936 60465 | 
30 86103 79919 74192 68889 63976 59425 254 
31 .85675 79324 73458 68038 63031 58403 | 
42 85248 78733 72780 67198 62099 57398 | 
33 84824 78147 72010 66369 61182 56411 
34 84402 77565 71287 65549 60277 55441 
35 89082 76988 70591 64740 59387 54487 
36 83565 76415 69893 63941 58509 53550 
pr 37 83149 75846 69201 63152 57644 52629 
E V ds 82735 75281 68515 62372 56792 51724 
E 39 82324 74721 67837 61602 55953 50834 
40 81914 74165 67165 60841 56196 49960 











2% 


0.98039 
96117 





1 
25% 


0.97561 


y= (1+4i)- 
1 
3% 3,70 
0.97087 0.96618 
.94260 .93351 
.91514 .90194 
.88849 .87144 
.86261 84197 
83748 81350 
813809 78599 
78941 75941 
76642 73373 
74409 70892 
722492 68495 
70138 66178 
68095 63940 
66112 61778 
64186 59689 
62317 57671 
60502 - 55720 
58740 53836 
57029 52016 
55368 50257 
53755 48557 
52189 46915 
50669 45329 
49193 43796 
47761 42315 
46370 40884 
45019 39501 
43708 38165 
42435 36875 
41199 35628 
30009 34423 
38834 33259 
37708 32134 
36605 31048 
35538 29998 
34503 28983 
33498 28003 
32523 27056 
31575 26141 
30656 25257 


Don 
{1105 


4% 
0.96154 
.92456 


20829 


5% 


0.95238 
- .90708 
86384 
82270 
«8359 


«04622 
01068 
«67684 
«64461 
«61991 


«954658 
.00684 
03032 
.00507 
«48102 


45811 
«43650 
41552 
39573 
97689 


35894 
34185 
| 32557 
31007 
29530 


«28124 


«2ΘΥ85. 


«25509 
.24295 
.23138 


«22006 
.20987 
.19987 
.19036 
.18129 


.17266 
«16444 
15661 
14915 
«14205 


PRACTICAL MATHEMATICS 
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TABLE XC (continued) 
PRESENT VALUE OF $1 
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TABLES. AND FORMULAS 
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1 
5% 


1.00000 
2.00500 
3.01503 
4.03010 
5.05025 


6.07550 


7.10588 ᾿ 
8.14141 


9.18212 
10.22803 


11.27917 
12.33556 
13.39724 
14.46423 
15.53655 


16.61423 
17.69730 
18.78579 
19.87972 
20.97912 


22.08401 
23.19443 


24.31040 


25.43196 
26.55912 


21.69191 
28.83037 
29.97452 
31.12440 
32.28002 


33.44142 
34.60862 
35.78167 
36.96058 
38.14538 


39.33611 
40.53279 
41.73545 


£ 42.94413 


44.15885 


3 
7 


1.00000 
2.00750 
3.02256 
4.04523 
5.07557 


6.11363 
7.15948 
8.21318 
9.21478 
10.34434 


11.42192 
12.50759 
13.60139 
14.70340 
15.81368 


16.93228 
18.05927 
19.19472 
20.33868 
21.49122 


22.65240 
23.82290 
25.00096 
26.18847 
21.38488 


28.59027 
29.80470 
31.02823 
32.26095 
33.50290 


34.75417 
36.01483 


37.28494 - 


38.56458 
39.85381 


41.15272 
42.46136 
43.77982 
45.10817 
46.44648 


TABLE XCI 
πο 5—1 
Anc ασ E CT 
1% ilo, 
1; 
1.00000 1.00000 
2.01000 201250 
3.08010 3.03766 
4.06000 407563 
510101 5.12657 
6.15202 6.19065 
721354 726804 
8.28567 8.35889 
9.36853 946397 
10.46221 10.58167 
11.56683 1171394 
12.68250 12.86036 
13.8003. 1402112 
14.94742 15.19638 
16.09690 . 16.38634 
17.25787 1789116 
18.43044 18.81105 
1961475 20.04619 
20.81090 21.29677 
22.01900 22.56298 
23.23919 23.84502 
24.47159 25.14308 - 
25.71630 26.45737 
26.97347 27.78808 
28.24320 29.13544 
29.52563 30.49963 
30.82089 31.88087 
32.12910 33.27938 
33.45039 34.69538 
34.78489 36.12907 
36.13274 . 37.58068 
37.49407 3905044 
38.86901 40.53857 
40.25770 4204530 
41.66028 43.57087 
43.07688. 4511551 
44.50765. 46.67945 
45.95272 48.26994 
47.41225 ΄ 49.86623 
48.88637 51.48956 


4.09090 
5.15227 


6.22955 
1.32299 
8.43284 
9.55933 
10.70272 


11.86326 
13.04121 
14.23683 
15.45038 
16.68214 


17.93237 
19.20136 
20.48938 
21.79672 
23.123607 


24.47052 
25.83758 
21.22014 
28.63352 
30.06302 


31.51397 
32.98668 
34.48148 
35.99870 
37.53868 


39.10176 
40.68829 
42.29861 
43.93309 
45.59209 


47.21597 
48.98511 
50.71989 
52.48068 
54.26789 





FUTURE VALUE OF A PAYMENT OF $1 PER PERIOD 


10.82540 


12.01484 
13.22510 
14.45654 
15.70953 
16.98445 


18.28168 
19.60161 
20.94464 
22.31117 
23.70161 


25.11639 
26.55593 
28.02066 
29.51102 
31.02746 


32.057044 
34.14042 
35.73788 
37.36329 
39.01715 


40.69995 
42.41220 
44.15441 
45.92712 
47.73084 


49.56613 
51.43354 
53.33362 
55.26696 
57.23413 
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FUTURE VALUE OF A PAYMENT OF $1 PER PERIOD 
(14-25*—1 


270 


1.00000 
2.02000 
3.06040 
4.12161 
5.20404 


6.30812 
7.43428 
8.58297 
9.75463 
-10.94972 


12.16872 
13.41209 
14.68033 
15.97394 
17.29342 


18.63929 
20.01207 
21.41231 
22.84056 
24.29737 


.,25.78332 
27.29898 
28.84496 
30.42186 
32.03030 


33.67091 
35.34432 
37.05121 
38.79224 
40.56808 


42.37944 
44.22703 
-46.11157 


48.03380 


49.99448 


51.99437 
54.03426 
56.11494 
58.23724 
60.40198 


1 
2570 


1.00000 
2.02500 


3.07563 


4.15252 
5.20633 


6.38774 
7.94743 
8.73612 
9.95452 
11.20338 


12.48347 
13.79555 
15.14044 
16.51895 
17.93193 


19.38023 


.20.86473 


22.38635 
23.94601 
25.54466 


27.18327 


28.86286 
30.58443 


. 32.34904 


34.15776 


36.01171 


37.91200 
39.85980 
41.85630 
43.90270 


46.00027 
48.15028 


50.35404 - 


52.61289 
54.92821 


57.30141 
59.73395 
62.22730 
64.78298 
67.40255 


TA BLE XCI (continued) 


Imp To τετ, 


3% 


1.00000 
2.03000 


. 8.09090 


4.18363 
0.30914 


6.46841 
7.66246 
8.89234 
10.15911 
11.46388 


12.80780 
14.19203 
15.61779 
17.08632 
18.59891 


20.15688 
21.76159 
23.41444 
25.11687 
26.87037 


28.67649 
30.53678 
32.45288 
34.42647 
36.45926 


38.55304 


47. 57542 


50.00268 
52.50276 
55.07784 
57.73018 


-60.46208 


63.27594 
66.17422 
69.15945 
12.23423 
75.40126 


3340 
1.00000 
2.03500 
3.10623 
4.21494 
5.36247 


6.55015 
7.71941 
9.05169 
10.36850 
11.73139 


13.14199 
14.60196 
16.11303 
17.67699 
19.29568 


20.97103 


-22 (0502 


24.49969 
26.35718 


28.27968 


30.26947 
32.32890 
34.46041 


l 


Z 


36.66653. 


38.94986 


41.31310 
43.75906 
46.29063 
48.91080 
51.62268 


54.42947 
59.33450 
60.34121 
63:45315 
66.67401 


73.45787 
77.02890 
80.72491 
84.55028 


-70.00760 


4% 


1.00000 
2.04000 
3.12160 
4.24646 
5.41632 


6.63298 
7.89829 
9.21423 
10.58280 
12.00611 


13.48635 
15.02581 
16.62684 
18.29191 
20.02359 


21.82453 
23.69751 


25.64541 . 


27.67123 
29.77808 


31.96920 
34.24797 
36.61789 
39.08260 
41.64591 


44.31175 
47.08421 
49.96758 
52.96629 
06.08494 


59.32834 
62.70147 
66.20953 
69.85791 
13.65223 


77.59831 
81.70225 
85.97034 
90.40915 
95.02552 


5% 


1.00000 


2.05000 


3.15250 
4.31013 


5.52563 - 


6.80191 
8.14201 
9.54911 
11.02656 
12.57789 


14.20679 
15.91713 
17.71298 
19.59863 
21.57856 


23.65749 
25.84037 
28.13239 
“30.53900 
33.06595 


35.719295 
38.50521 
41.43048 
44.50200 
47.12710 


51.11345 
54.66913 
58.40258 
62.32271 
66.43885 


70.76078 


5.29883 


80.06377 


85.06696 : 


90.32031 


95.83632 
101.62814 
107.70955 
114.09502 
120.79977 


PRACTICAL MATHEMATICS 
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TABLE XCII | ! 
PRESENT VALUE OF A PAYMENT OF $1 PER PERIOD 
Ἱ σος 1 


anA e e 





34.44694 


k) ; 4 2 
| j 5% So 1% 15% 119; 13% 
| 1 0.99500 0.9956 0.99010 | 0.987656 0.98522 0.98280 
i 1. 198510 197772 1.97040 196512 1.95588 194870 
| 3 2.97025 2.95556 294000 2.92653 2.91220 2.89798 
4 395050 3.92611 3.90107 3.87800 3.85439 3.83094 
5  . 492587 4.88044 4.85343 . 481784 4.78265 4.74786 
6 589698 5.84560 5.79548 | 5.7460 5.69719 5.64900 
7 686207 6.79464 6.7280 6.66273 6.50801 ^ 6.53464 
8 7.82296 7.7360 7.65168 7.56812 748592 7.40505 
/9 877900 867158 8.56600 846225 83602 826049 
10 . 9.7200] 9.59958 947131 9.34553 922219 9.10122 
11 10.677080 10.52068 10.36763 1021780 1007112 992749 
12 1161893 114349] 1125508 11.07931  10.90751 10.73955 
13 1255615 1234935 12.13374 1193019 11.722153 1153764 
14 1348871 1324302 13.003070 12.77055 12.543388 12.32201 
15 1441668 1413700 13.865006 13.60055 13.34323 1300298 
16 1533993 1500431 1471787 1442029 1413126 13.85050 
17 1625862 15.90503 15562255 15.22992 14.907656 1459508 
18 1717277 16.77918 16.39827 16.02955 15.67256 15.32686 
19 1808236 17.64683 1722601 16.81931 16.42617 16.04606 
20 18.98742 18.508020 18.04555 17.599092 17.16864 1679288 
21 19.88798 19.36280 18.85698 18.36970 17.90014 1744755 
22 20.78406 20.21122 19.66038 19.13056 18.62082 18.13027 
23 21.67568 21.05332 20.45582 19.88204 19.33086 1880125 
24 2256287- 21.88915 21.24339 20.62424 20.03041 1946069 
25 23.44564 22.71876 22.02316 2135727 20.71961 20.10878 
26 2432402 23.54219 22.79520 ` 22.08125 21.39863 20.74573 
27 25.19803 24.35949 23.55961 22.79630 22.06762 21.37173 
28 26.06769 25.17071 2431644 23.50252 22.72672 2198696 
29 26.93302 25.97589 25.06579 2420002 23.37608 22.59160 
30 2779405 26.77508 25.80771 24.88891 2401584 23.18585 
31 28.65080 27.56832 26.54229 25.56929 2464615 23.76988 
32 29.50328 28.35565 27.26959 2624127 2526714 2434386 
33 30.35153 29.13712 27.98969 2690496 25.87895 24.90797 
34 31.19555 2991278 28.70267  27.56046 26.48173 25.46238 
| 35 32.03537 «9068266 2940855 28207866 27.07560 9600725 
| 36 32.87102 3144681 30.10751 28.84727 2766066 9654975 
| 37 33.70250 32.20527 30.79951 29.47878 2823713 2706905 
|. 38 34.52986 32.95808 31.48466 30.10250 28.80505 2758629 
| 39 3535300 33.70529 32.16303 30.71852 29.36458 28.09463 
40 39617228 32.83469 31.32693 29.91585 2859423 
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TABLE XCII (continued) : 
PRESENT VALUE OF A PAYMENT OF $1 PER PERIOD 


MEE 
= 








2% 2340 3% 35% 4% B un 
0.98039 0.97561 0.97087 0.96618 0.96154 0.95238 1 
1.94156 1.92742 1.91347 1.89969 1.88610 1.85941 2 
2.88388 2.85602 2.82861 2.80164 2.17509 2.12320 3 
3.80773 3.76197 3.71710 3.67308 3.62990 3.54595 4 
4.71346 4.64583 4.57971 4.51505 4.45182 4.32948 5 
5.60143 5.50813 5.41719 5.32855 5.24214 5.07569 6 
6.47199 6.34939 6.23028 6.11454 6.00206 5.78637 7 
7.32048 7.17014 7.01969 6.87396 6.73275 6.46321 8 
8.16224 4.97087 7.78611 7.60769 . 7.43533 _ 7.10782 9 
8.98259 8.75206 8.53020 8.31661 8.11090 7.72174 10 
9.78685 9.51421 9.25262 9.00155 8.76048 8.30641 11 

` 10.57534 10.25777 9.95400 9.66333 9.38507 8.86325 12 
11.34837 10.98319 10.63496 10.30274 9.98565 9.39357 13 
12.10625 11.69091 11.29607 10.92052 10.56312 9.89864 14 
12.84926 12:38138:: ` “11.93794 11.51741 11.11839 10.37966 15 

Eeyore NE € 13.05500 12.56110 12.09412 11.65230 10.83777 16 
14.29187 13.71220 13.16612 12.65132 12.16567 11.27407 17. 
14.99203 14.35336 13.7595l/- .193:18968 12.65930 11.68959 18 
15.67846 14.97889 14.32380 13.70984 13.13394 12.08532 19 
16.35143 15.58916 14.87748 14.21240 13.59033 12.46221 20 
17.01121 16.18455 15.41502 14.69797 14.02916 12.82115 21 
17.65805, 16.76541 15.93692 15.16713 14.45112 13.16300 22 
18.29220 17.33211 16.44361 15.62041 14.85684 13.48857 23 
18.91393 17.88499 16.93554 16.05837 15.24696 13.79864 24 
19.52346 18.42438 17.41315 16.48152 15.62208 14.09395 -25 
20.12104 1895061 . 17.87684 16.89035 15.98277 14.37519 26 
20.70690 19.46401 18.32708 17.28537 16.32959 14.64303 27 
21.28127 19.96489 18.76411 17.66702 16.66306 14.89813 28 
21.84439 20.45355 19.18846 18.03577 16.98372 15.14107 29 
22.39646 20.93029 19.60044 18.39205 17.29203 15.37245 30 
22.93770 21.39541 20.00043 18.73628 17.58849 15.59281 31 
23.46834 21.84918 20.38877 19.06887 17.87355 15.80268 32 
23.98856 22.20188 , 20.76579 19.39021 18.14765 16.00255 33 
24.49859 22.722319 21.13184 19.70068 18.41120 16.19290 34 
24.99862 23.14516 21.48722 20.00066 18.66461. 16.97419 35 
25.48884 23.550625 21.83225  . 20.29049 18.90828 16.54685 36 
25.96945. 23.95732 22.16724 20.57053 19.14258 16.71129 . 37 - 
26.44064 24.34860 22.49246 20.84109 19.36786 16.86789 38 
26.90259 24.73034 22.80822 21.10250 19.58449 17.01704 39 
27.30048 25.10278 23.11477 21.35507 19.79271 17.15909 40 
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TABLE XCIII . 
SINKING FUNDS AND AMORTIZATION. FACTORS 


2 Amortization ο ον Sinking-Fund EL ced nc Εν 
z Anli Smi Ant 
Ϊ p μι. ο τ γα 
| 1 1.00500 . 1.00750 1.01000 1.01250 1.01500 1.01750 
s 2 0.50375 0.50563 0.50751 0.50939 0.51128 0.51316 
H 3 .33667 .33835 34002 34170 34338 34507 
| 4 25913 25471 25628 25786 25945 26103 
5 20301 20452 20604 20756 20909 21062 
6 16960 17107 17255 17403 17553 17702 
7 14573 14718 14863 15009 15156 15308 
8 12783 19926 13069 13213 193858 13504 
9 11391 11532 11674 .11817 .11961 19106 
10 10977 10417 10558 . .10700 10843. 10988 
11 09366 09505 00645 .09787 .09929 .10073 
12 .08607 .08745 .08885 .09026 .09168 .09311 
13 .07964 .08102 .08242 .08382 .08524 08667 — 
14 07414 07551 07690 07881 07972 «8116 
15 06936 .07074 .07212 .07353 07494 07638 — 
16 ^  .06519 .06656 .06795 .06935 .07077 .07220 
17 6151 06287 06426 «06566 06708 06852 
18 05823 .05960 06098 06239 063881 ^. .06525 
19 .05530 65667 05805 .05946 .06088 .06232 
20 .05267 .05403 05542 05682 05825 05969 
21 ^ 05028 05165 „05303 05444 05587..." 05732 
22 04811 04948 05086 05927 058370 .05516 
23. — 4 04614. .04750 .04889 .05030 .05173 .05319 
24 .04432 .04569 -..04707 .04849 .04992 .05139 
25 .04265 .04402 04541 04682 04896 04973 
255.206 04111 04248 04387 04529 04673 04820 
Ϊ γ Y | 03969 04105 04245 04387 04532 04679 
. 28 03836 083973 .04112 .04255 |..04400 .04548 
- 29 .03713 03850 03990 0132. 04978 04426 
30 03598. ΄ «039195 :.03876 .04018 ` .04164 .04313 
31 .03490 03627 03768 | «08911 04057 04207 
32 «03390 03827 .03667 .03811 .03958 .04108 
| | ". 33 .03295 .03432 085738 08717 03864 04015 
TS no 34 .03206 .03343 09484 ` 03628 .03776 .03927 
-35 .03122 «08259 03400 ^. (3545 .03693 03845 
36 .03042 .03180 .03321 .03467 .03615 03768 
37. 55 102067 .03105 03247 03392 08541 03694. 
: | 56-38 .02896 .03034 .03176 .03322 03472 03625 
id us γαῖ 399 02899 02967 03109 - 05355 08406 03559 


40 9765 . «02908 «0320486 05192 (08540 403497 | 
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270 


1.02000 
0.51505 
34676 
.26262 
.21216 


.17853 
.15451 
.13651 
.12252 
.11133 


.10218 
.09456 
.08812 
08260 
.07783 


07365 
06997 
06670 
06378 
06116 


05879 
«05665 
.05467 
.05287 
.05122 


.04970 
.04829 
.04699 
.04578 
.04465 


.04360 
.04261 
.04169 
.04082 
.04000 


.03923 
.03851 
.03782 
.03717 
.03656 


Amortization Factor 2 ——; Sinking-Fund Factor — c 2 
TUG 

1 1 

2500 3% 35% 4%, 

1.02500 1.03000 1.03500 1.04000 

0.51883 0.52261 0.52640 0.53020 
35014 .35353 .35693 36035 
26582 26903 27225 27549 
21525 21836 22148 22463 
18155 .18460 .18767 .19076 - 
.15750 .16051 .16355 .16661 
.13947 .14246 .14548 .14853 
.12546 .12843 .13145 .13449 
.11426 .11723 .12024 .12329 
.10511 .10808 .11109 .11415 
.09749 .10046 .10348 .10655 
.09105 .09403 .09706 .10014 
.08554 .08853 09157 ...09467 
.08077 .08377 08683 .08994 
.07660 .07961 08269 .08582 
.07293 .07595 07904 08220. - 
06967 07271 07582 07899 
06676 06981 07294 07614 
06415 06722 07036 07358 
06179 06487 «06804 07128 
05965 .06275 06593 .06920 
05770 .06081 06402 .06731 
.05591 .05905 06227 .06559 
.05428 05748 06067 06401 
05277 05594 05921 06257 
05138 05456 05785 06124 - 
05009 05329 05660 06001 
04889 05219 .05545 .05888 
.04778 .05102 .05437 .05783 
.04674 .05000 05337 .05686 
.04577 .04905 05244 .05595 
.04486 .04816 05157 .05510 
.04401 .04732 05076 .05432 
.04321 .04654 05000 .05358 
.04245 .04580 04928 .05289 
.04174 .04511 04861 .05224 
.04107 .04446 04798 .05163 
.04044 .04384 04739 .05106 ~ 
03984 04326 04683 .05052 
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TABLE XCIII (continued) 
SINKING FUNDS AND AMORTIZATION FACTORS 





—— — 


5% 


1.05000 
0.53781 
36721 
28201 
«49098 


19702 
17282 
15472 
.14069 
.12951 


.12039 
.11283 
.10646 
.10102 
.09634 


.09227 
.08870 
.08555 
-08275 
.08024 


.07800 . 


.07597 
.07414 
.07247 
.07095 


.06956 
.06829 
.06712 
.06605 
.06505 


.06413 
.06328 
.06249 
.06176 
.06107 


.06044 
.05984 
.05928 
.05877 


05828 





S 


wo 0030€ σι» ο 9 = 


10 
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TABLE XCIV 
Pie FUTURE VALUE OF $1 FOR ΠῚ PART OF A PERIOD 
sp=(1 17 
| 1 3 1 1 3 
3 οὔ 4% oo e 13/6 me 
| 2 1.00250 1.00374 1.00499 1.00623 1.00747 1.00871 
| 3 1.00166 1.00249 1.00332 1.00415 1.00498 1.00580 
$ 4 1.00125 : 1.00187 1.00249 1.00311 1.00373 1.00435 
[ 6 1.00083 1.00125 1.00166 1.00207 1.00249 1.00290 
` 12 1.00042 1.00062 1.00083 1.00104 1.00124 1.00145 
Sx : 1 1 
? 2% . 257% 3% 357% 4% 5% 
2 1.00995 1.01242 1.01489 1.01735 1.01980 1.02470 
3 1.00662 1.00827 1.00990 1.01153 1.01316 1.01640 
4 1.00496 1.00619 1.00742 1.00864 1.00985 1.01227 
6 1.00331 1.00412 1.00494 1.00575 1.00656 1.00817 
12 1.00165 1.00206 1.00247 1.00287 1.00327 1.00407 
TABLE XCV 
DECIMAL EQUIVALENTS OF A POUND IN SHILLINGS AND PENCE 
fo 74 fu Do oou Ad. g cti 
0.00417 0/1 0.10417 2/1 020417 4/1 0.30417 6/1 0.40417 8/1 
00833 0/2 .10833 2/2 20833 4/2 30833 6/2 408383 8/2 
01250 0/3 .11250 2/3 21250 4/3 31250 6/3 .41250 8/3 
01667 0/4 11667 2/4 91667 4/4 31667 6/4 41667 8/4 
02083 0/5 .12083 2/5 .22083 4/5 32083 6/5 .42083 8/5 
02500 0/6 12500 2/6 .22500 4/6 32500 6/6 .42500 8/6 
02917 0/7 12917 2/7 22917 4/7 39017 6/7 42917 8/7 . 
03333 0/8 .13333 2/8 23333 4/8 33333 6/8 .43333 8/8 
03750 0/9 13750 2/9 29150 4/9 39750 6/9 43750 8/9 
04167 0/10 14167 2/10 .24167 4/10 94167 6/10 .44167 8/10 
04583 0/11 14583 2/11 24583 4/11 34583 6/11 .44583 8/11 
05000 1/0 .15000 3/0 25000 5/0 «35000 7/0 .45000 9/0 
05417 1/1 15417 3/1 25417 5/1 35417 7/1 45417 9/1 
05833 1/2 .15833 3/2 25833 5/2 35833 7/2 .45833 9/2 1 
06250 1/3 .16250 3/3 .26250 5/3 86250 7/3 46250 9/98 - ^. 
06667 1/4 16667 3/4 26667 5/4 36667 7/4 .46667 9/4 ` 
07083 1/5- .17083 3/5 .27083 5/5 37083 7/5 47083. 9/5 
07500 1/6 17500 3/6 27500 5/6 37500 7/6 47500 9/6 
07917 1/7 17917 3/7 27917 5/7 37917 7/7 47917 9/7 
.08333 1/8 18999 3/8 28333 5/8 38333 7/8 .48333 9/8 
08750 1/9 18750 3/9 28750 5/9 38750 7/9 .48750 9/9 
09167 1/10 .19167 3/10 .29167 5/10 89167 7/10 .49167 9/10 
09588 1/11 19583 3/11 29583 5/11 39583 7/11. .49583 9/11 
.10000 2/0. .20000 4/0 : 80000 6/0 40000 8/0 50000. 10/0 





For values beyond 10s., deduct 10s. from the amount and look up the gecimal equivalent of the remainder. 
Add the decimal equivalent of the remainder to the decimal equivalent of 10s 
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TABLE XCVI 
SPRAGUE TABLES 


Values, to the Nearest Cent, of a Bond for $1,000,000 at 5% Interest, 
Payable Semiannually 


13 YEARS 


1 276 015 66 
269 642 20 
263 307 30 
257 010 71 


244 531 45 
238 348 28 
232 202 43 
226 093 65 
220 021 69 


213 986 32 
207 987 29 
202 024 38 
196 097 33 
190 205 93 


184 349 93 
178 529. 11 
172 743 23 
166 992 06 


155 592 99 
149 944 62 
144 330 08 
138 749 14 
133 201 58 


127 687 18 
122 205 74 
116 757 03 
111 340 84 
105 956 96 


100 605 18 
095 285 29 
089 997 09 
084 740 37 
079 514 92 


074 320 55 
069 157 05 
064 024 22 
058 921 86 
053 849 78 


048 807 78 
043 795 67 
038 813 24 
033 860 32 
028 936 70 


024 042 21 
019 176 64 
014 339 83 
009 531 57 
004 751-69 


E 
S 
g 


250 752 18 | 


16121599: 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
T 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
i 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


195 YEARS 


284 953 74 
278 343 32 
271 774 24 
265 246 20 
258 758 93 


203 312 16 
245 905 60 
239 539 00 
233 212 07 
226 924 55 


220 676 17 
214 466 68 
208 295 79 
202 163 26 
196 068 83 


190 012 23 
183. 993 22 
178 011 53 
172 066 93 
166 159 15 


160 287 95 
154 453 08 
148 654 30 
142. 891 37 
137 164 05 


131 472 08 
125 815 25 
120 193 31 
114 606 02 


109 053 16° 


103 534 49 
098 049 78 
092 598 82 
087 181 36 
081 797 18 


076 446 07 
071 127 80 
065 842 15 
060 588 91 
055 367 85 


050 178 76 
045 021 43 
039 895 64 
034 801 19 
029 737 86 


024 705 45 
019 703 75 
014 732 56 
009 791 67 
004 880 89 
000 000 00 


14 YEARS 


1 293 781 47 
1 286 934 90 
1 280 132 51 
1 273 373 99 
1 266 659 03 


1:259 987 33 
1 253 358 58 
1 246 772 49 
1 240 228 75 
1 233 727 08 


1 227 267 17 
1 220 848 73 
1 214 471 48 
1 208 135 13 
1 201 839 40 


1 195 583 99 
1 189 368 64 
1 183 198 05 
1 177 056 96 
1 170 960 09 


1 164 902 16 
1 158 882 91 
1 152 902 07 
1 146 959 36 
1 141 054 54 


1.135.187. 32 
1 129 357 46 
1 123 564 69 
1 117 808 75 
1 112 089 39 


1 106 406 36 
1 100 759 41 
1 095 148 28 
1 089 572 72 
1 084 032 50 


1 078 527 37 
1 073 057 08 


-1 067 621 39 


1 062 220 07 
1 056 852 87 


1 051 519 57 
1 046 219 92 
1 040 953 71 
1 035 720 68 
1 030 520 63 


1 025 353 31 
1 020 218 51 
1 015 116 00 

010 045 56 


14} YEARS 


1 
1 
1 
1 
1 
I 
1 
1 
1 
1 
1 
1 
1 
1 
τ 
1 
1 
1 
1 
1 
1 
1 
l 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
T 
1 
1 
1 
1 
T 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


2 


302 500 22 
295 418 32 
288 383 53 
281 395 50 
274 453 91 


267 558 40 
260 708 66 
253 904 35 
247 145 15 
240 430 72 


233 760 76 
227 134 92 
220 552 91 
214 014 41 
207 519 09 


201 066 66 
194 656 80 
188 289 21 
181 963 58 
175 679 61 


169 437 Ol 
163 235 48 
157 074 72 
150 954 45 
144 874 36 


138 834 18 
132 833 62 
126 872 39 
120 950 22 
115 066 82 


109 221 92 
103 415 25 
097 646 52 
091 915 48 
086 221.84 


080 565 35 
074 945 74 
069 362 75 
063 816 11 
058 305 57 


052 830 87 
047 391 76 
041 987 98 
036 619 28 
031 285 42 


025 986 14 
020 721 20 
015 490 36 
010 293 37 
005.130 00 
000 000 00 


15 YEARS 


1 311 111 33 
303 794 94 
296 528 66 
289 312 12 
282 144 95 


275 026 79 
267 957 26 
260 936 02 
253 962 69 
247 036 93 


240 158 38 
233 326 69 
226 541 52 
219 802 52 
213 109 34 


206 461 66 
199 859 12 
193 301 41 
186 788 18 
180 319 11 


173 893 87 
167 512 14 
161 173 60 
154 877 92 
148 624 80 


1 

1 

1 

i 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 142 413 92 
1 136 244 96 
1 130 117 63 
1 124 031 60 
1 117 986 59 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


111 982 28 
106 018 38 
100 094 58 
094 210 61 
088 366 15 


082 560 93 
076 794 66 
071 067 04 
065 377 80 
059 726 65 


054 113 32 
048 537 53 
042 999 01 
037 497 47 
032 032 65 


026 604 29 
021 212 11 
015 855 85 
010 535 26 
005 250 06 
000 000 00 


PR 53 LEER oH HH k Hn 
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15; YEARS 


319 616 13 
:312 066 09.. 
304 569 26 ' 
297 125 21- 


289 733 55 


282 393 87 __ 


275 105 78 
267 868 88 
260 682 79 
253 547 11 


246 461 46 
239 425 45 
232 438 72 


225 500 88 * 
218 611 56. 


211 770 39 


204 977 00- 


198 231 04 
191 532 13 
184 879 93 


178 274 07 


171 714.21. 
165 200 00... 


158 731 08 


152 307 12 


145 927 77 
139 592 70 
133 301 57 


127 054 05 - 


120 849 80 


114 688 51 - 


108 569 84 


102 493 47. 


096 459 08 


090 466 36 


061 116 81 


055 367 55- 


049 657 82 
043 987 30 
038 355 70 


032 762 73 . 


027 208 10-. 
021 691 51. 
016 212 70 
010 77136 . 
005 367 22 
000 000 00 


Hsc DNE law os. 
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4.65 


4.70 


4.75 


4.80 


4.85 


ως 


4.90 
495 
500 
Bos 


5.10 


col tee 


515 | 


5.20 


5.25 


3% 


80.3549 
.050216 
.001673 


79.7870 


.051366 
.001712 


79,2241 


.052483 
.001749 


78.9446 
.053033 
001767 


78.6663 
.053600 
.001786 


78.1134 
054666 
(001822 


77.5654 
.055716 
.001857 


77.0222 
.056733 
.001891 


76.4839 
.057733 
.001924 


76.2165 
.058216 
.001940 


75.9503 
.058700 
.001956 


75.4214 
. 059633 
.001987 


74.8972 
060550 


002018 


74.3776 


73.6069 
.062766 
.002092 


73.3522 
.063183 


.002106 . 


72.8462 
.064000 
.002133 

72.3447 


.064800 
..002160 


| 


79.5494 


TABLE XCVII 


EQUITABLE BOND TABLES 


1 
35% 
86.9032 


.033466 
"001115 


86.3073 
.034783 
.001159 


85.7166 
.036083 
.001202 


85.4232 
.036716 
.001223 


85.1310 
.037350 
001245 


84.5506 
.038583 
.001286 


83.9753 
1039800 
(001326 


83.4049 
.049966 
.001365 


82.8396 
.042116 
.001403 


82.5588 
.042700 
.001423 


82.2792 
.043250 
.001441 


81.7236 
.044350 
.001478 


81.1729 
.045416 
.001513 


80.6270 
.046466 
.001548 


80.0858 


79.8170 
.047983 
.001599 


78.4903 
.050400 


001680. 


20 Years 


Interest Payable Semiannually 


4% 


93.4516 
.016733 
.000557 


92.8276 
0.18216 
.000607 


92.2090 
.019666 
.000655 


91.9018 
.020400 
.000680 


91.5958 
021116 
000703 


90.9879 
.022516 
.000750 


90.3852 
.023883 
.000796 


89.7877 
.025216 
: 000840 


89.1953 
.026516 
.000883 


88.9010 
.027166 
.000905 


88.6080 
.027800 
.000926 


88.0258 
.029950 
.000968 


87.4486 
` 030283 
.001009 


86.8764 
— ..031483 
.001049 


86.3090 
.032650 
.001088 


86.0272 
.033233 
.001107 


85.7465 
.033783 
.001126 


85.1889 
.034916 
.001163 


84.6359 
..036000 
.001200 


1 
45% 
100.0000 


9ο οσο οσο 


9φο ου 6ο 


99.3480 
.001666 
.000055 


98.7015 
.003283 
.000109 


98.3804 
.004083 
.000136 


98.0606 
- 004883 
.000162 


97.4251 
.006433 
.000214 

96.7951 


96.1704 
.000466 
.000315 


95.5510 
.010916 
.000363 


95.2433 
.011650 
.000388 


94.9369 
.012250 
.000411 


94.3280 
.013766 
.000458 


93.7243 
.015133 
.000504 


93.1257 
.016483 
.000549 


92.5322 
.017816 
.000593 


92.2373 
.018450 
.000615 


91.9437 
.019100 
.000636 


91.3602 
.020366 
.000678 


90.7816 
.021600 
.000720 


5% 


106.5484 
! 4016733 
.000557 


105.8683 
.014916 
.000497 


105.1940 
.013116 


.000437 


104.8589 
.012250 
.000408 

104.5253 
.011366 
.000378 

103.8623 
.009650 
.000321 

103.2049 
.007966 
.000265 


102.5531 


.006300 
.000210 


101.9067 
.004683 
.000156 

101.5856 
.003883 
.000129 


101.2658 


100.6302. 
.001533 
.000051 


|. 100.0000 


. 9 ο ος ος 


001500 


98.1409 
.004416 
.000147 


97.5315 
005816 
«000193 


96.9272 
.007200 
.000240 


6% 


119.6451 


.050216 
.001673 


118.9090 
.048033 
.001601 


118.1789 
.045916 
.001530 


117.8161 
.044883 
.001496 


117.4549 
.043833 
.001461 


116.7368 
.041800 
.001393 


116.0247 
.039800 
.001326 


115.3185 
.037816 
.001260 


114.6181 
.035883 
.001196 


114.2701. 
.034933 
.001164 


113.9235 
.033983 
.001132 


113.2346 
.032116 
.001070 


112.5514 
.030283 
.001009 


111.8738 
.028466 
.000948 


111.2017 
.026716 
.000890 


110.8678 
.025833 
.000861 


110.5352 
.024966 
.000832 


109.8741 
.023266 
.000775 


109.2184 
.021600 
.000720 





7% 


132.7419 
083666 
002788 


1319496. . 
.081183 
002706 


131.1638 
.078733 
002624 


130.7733 
.077516 
.002583 


130.3844 
.076316 
.002543 


129.6113 
.073950 
.002465 


128.8445 
.074633 
.002387 


128.0840 
.069333 
.002311 


127.3295 
.067083 
.002236 


126.9546 
.065983 
.002199 


126.5813 
064866 
‘002162 | 


125.8390 
.062700 
.002090 


125.1028 
.060550 
.002018 


124.3725 
.058450 
.001948 


123.6481 
.056383 
.001879 


123.2881  . 
.055366 
001845 


122.9295 
054366 
001812 


122.2167 
.052366 
.001745 


121.5097 
.050400 
.001680 

















1182 | i PRACTICAL MATHEMATICS 
TABLE XCVIII 
ACCRUED DIVIDEND TABLES 
365 days =] year 
205: 52105: Όσο «σος 405 .- 4105. 5b] 605 7% INTEREST 
Days Days Days Days Days Days Days Days Days ow $100 ! 
23 18 15 13 1 10 9 8 7 i 
46 36 30 26 29 20 18 15 13 i 
68 59 46 39 34 30 2d. 23 . 20 $ 
91 13 61 52 46 40 37 30 26 i 
114 ΟΙ 76 65 57 51 46 38 33 $ 
(132-1095 .91-.^. 98. 68 - GL b ee ο 1 
160  .128 107 9] 80 71 64 53 46 i 
183 146 122 104 91 81 3 61 De: ele 
164 137 TIZ 103 91 82 68 59 11 
182 152 130 114 101: 91 76 65 l 
167 143 125 112.100 84- 72 15 
183 156 137 122 110 91 78 L 
169 148.152 119 99 85 15 | 
182 160 142 128 106 9] 12 
171 152 137 114 98 — 124 
183 162 146 122 104----- : 
172 150 129 11.21» 
183 164 loc 1A 7 21 à 
173 144 124 23 
183 152 130. 23: 
160 137 2$ 
167 ]43 23 
175: 150 ος 
183 156: Έτος: 
163 ος 
169 3- 
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Answers achieved by readers may differ by a cent or two in some instances if different methods of calcu- ` 


INSTALLMENT FINANCE 
1 $2,599.94 2 $2,568.65 or $2,847.18 


. 3 $34,687.00 4 $5,707.14 5 $31,446.81 | 


6 $6,370.59 7 $2,915.15 8 $231.80 
9 $165.34 . 10 $127.68; $2,247.08 
11 $1,371.84 12 $191.28 


13 35 regular pay ments and $731 at time of 
35th payment. If funds accumulated 
after 35 payments are allowed to draw 
interest for one more period, more than 


$200,000 will be available in the fund. 
14 31 quarters or 7 years, $5,016.21 
15 60 regular payments and a final pay- 
ment of $38.42 
16 21 regular and 1 partial payment 
17 21 regular and 1 partial payment 
18 102 regular payments and 1 partial pay- 
ment 


19 2% per annum 20 Z per quarter 
21 3% per annum 22 3.0665% per month 
23 127 2i »19, per month | 


24 0.90937% per month or 10.91244% per 


annum converted monthly 


25 $131.47 26 15.45% per annum effec- 


.27 $8,491.51 tive 


28 9 regular plus 1 partial payment 
29 $4,070.36 


30 By periods: lst, $164.36; 2d, $328.72; 
- 3d, $493.08; 4th, $739.62; 5th, $924.53 


31 $157.64 32 $14,395.53 33 $406.63 
34 $183.32 


35 Same. Two algebraic expressions for 
the future value of an annuity due of 20 
payments of $1 per period at 4% per 
period. 


36 d 
38 ὅσο >i>8% 39 


37 60 regular plus 1 par- 
tial payment 
$179.03 


40 53 regular payments and 1 partial pay- 
` ment 


41 $2,452.70 

42 (a)$148,683.25  (b)$127,548.40 

43 $70,177.00 

44 (a)24 payments of $200; (b)17 pay- 
ie S of $300 and a partial payment of 


45 $79.90 46 $40,377 


lation are employed. Such discrepancies, since they are minor, should not be a cause of concern. 


47 (a) $33,333.33. (b) $40,000 
(c) $50,000 (d) $100,000 

48: $166,666.67 

49 A $19.16, B $17.34. B should be se- 
lected. | | 


MONEY AND BANKING 


1 219.36 grains 2 $2.19 3 77.78tol 
4 $8.2397; 1.026 grains 5 92 6 $671.24 
7 £224 0s. 6d. 8 £1.64583 9 £5.27917 


10 £0.43333 11 £1.04583 12 £9.53750 
13.:£5.25 
Lb E ὤ. 
14 5 4 10 
15 211 10 0 
16 9 19 11 
17 23 12 6 
18 1 0 2 
19 0 6 0 


20 2549.45 pesos 


21 Pesos = DOLLARS Do.Liars = PEsos 


1 0.237525 1 4.21008 
2 0.475050 2 8.42017 
ο. 07/12579 3 12.63025 
4 0.950100 4 16.84033 
5 1.187625 9 21.05042 
6 1.425150 6 25.26050 
4 . 1.662675 7 29.47058 
8. 1.900200 8 33.68066 
05 32:197725 9 37.89075 
22 $87.65 ` 


23 3,586.99 pesos 24 £2 2s. 14. 

25 £1 2s. ld. 26 (a) 4.41955 (b) 4.41911 

27 On September 19, you should have sold 
sterling for 94.8576 for delivery in a 
month. One month later, you could 
have bought in the spot market at 
$3.87 the necessary exchange to deliver 
to fulfill your contract. 


28 (a) Buy futures in December at 4912 


for delivery in 90 days. Sell this ex- 
change in the spot market in March at 


$4.99. (b) Sell 30-day futures in March © 
at 4.987. Buy in spot market at 4.94 in 
April to fulfill contracts made in March. 
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29 


30 


^76. days. 


45 
46 


MONEY AND BANKING (continved) 
(c) Buy 90-day futures in April at 4.937. 
Sell this exchange in the spot market in 


July at $5027. 


PARITIES iN Dottiars, Lire, 


Pounpbs STERLING 
ο ορ ο 09215. 9015 ορ θὰ 
$1 $1 $1 $1 $1 
5.05434 5.04065 5.02703 5.01348 5.00000 
2 .05706 5.04336 5.02973 5.01617 5.00269 


05978 5.04607 5.03243 5.01887 5.00538 
5.06250 5.04878 5.03513 5.02156 5.00806 


Not counting commissions, you would 
save $23.37 by buying pounds in Lon- 
don and converting them to lire. To 
pay direct would cost $12,625. To pay 
via London, the cost would be 


$12,601.63. 
$22.77 gross profit 
33 3.117 per cent 


AND 


3.25 per cent 


4.899 35 4.7536 36 4.08355 
4.46159 38 75.6372 39 103.88802 
3.23 per cent 


(a) 8.12%, 8.08%; (b) 6.07%, 6.035% 
See foot of page. ` 


1 er cent 
LP 


The table shows that at 6% the divi- 
dend would accrue to 1; per cent in 


The rate on this stock is 12 
per cent; therefore it would accrue to 


25 per centin 76 days or approximately 


2 of a point per share. After deducting 


this $ from the price of the stock, it is 


still above the conversion parity; hence, 
conversion would be profitable. 


(a) 16.84 (b) 2g} 5 70 (c) 1.34 (d) 0.65. 


(a) 21.978 (b) 19.80 


48 lpercent — 
50 7.64 years 
52 (a) $1.29 (b) $8.71 





PRACTICAL MATHEMATICS 


47 Schedule of conversion parities of 


United Aircraft 5% cumulative con- 
vertible preferred stock convertible into 
common stock at $40 a share until 


January 1, 1952. 


PREFERRED COMMON PREFERRED COMMON 


PRICES PRICES PRICES PRICES. 
50 20 1031 A132 
55 22 1031 41.4 <: 
60 24 1033 415. 
65 26 104 41.6 - 
70 28 1041 41.72» 
75 30 1044 41.8 ^ 
80 32 1042 41.9 

85 34 105 42 en 
90 36 1051 49. 
91 36.4 1051 42912 
92 36.8 1053 4237 
93 37.2 106 19.415 
94 37.6 1061 421 

95 38 106: 42.6 - 
96 38.4 1063; 42.7 = 
97 38.8 107 42.89 
98. 39.2 1071 429 - 
99 39.6 1071 49 

100 40 1073 - 481: 
101 40.4 108 43.2 

1012 401, 108: 43.35: 
1014 40.6 108i 43.4 . 
101g. - 40.7 . .108$ . 48. 
102 408 |. 109 43.6. 
1021. 40.9 1091 43.7 
1022 41 109} ΄ 43.85; 
1023 41.1 1095 439 . 
103 412 πρ 44 — 


49 18 per cent 











CUMULATIVE 











[42 PRIOR DEDUCTION OvER-ALL 
= FACTOR MARGIN FACTOR MARGIN . FACTOR MARGIN 
TIMES OF OF TIMES OF OF TIMES («o OF OF 
EARNED SAFETY SAFETY EARNED SAFETY SAFETY EARNED SAFETY SAFETY. : 
1 
1st Mtg. Bond 2 100% 50% 2 100% 50% 11 2500 20% 
2 2 1 ο ο. 
à 1 - T 
Int. on Deb. 2 100% 50% 1 25% 20% lz 25% 


51 (a) $2.40 (b) $9.60 a 
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Special Offer 3o Our Subscene 
c Combination. Binder-File 


for your PRACTICAL MATHEMATHICS QUARTERLIES - 


us see illustration on ether side οἱ this cover) | 


JE have had a viam ihanufactarer 


especially create this handsome De 


J| Luxe Artcraft Binder-File. It provides excel- 
— lent safekeeping for a year's issues of PRAC- 
- ^ TICAL MATHEMATICS QUARTERLY, as well 
— . as filing space for your loose sheets of prob- 
Ότο, lems and solutions, tables, clippings, etc. The 
ο Artcraft is finished in rich tones of warm 
-— Spanish leather, Morocco-grained and em- 


bossed and modelled i in harmonizing colors 


το of black, brown and gold. A very simple de- 
. vice, requiring no tools, permits you to’ insert 

| securely each copy of the Quarterly as you 
receive it. You can remove copies just. as 


easily at any time. 


Each of the 12 sturdy, big Manila Enve- 

lope Files is printed with the name of a. 

— mathematical subject, so that you can file. 
and find what you want inthe right place. 
At $1 .00, this attractive and useful Binder- 


File is an cxtat quy bargain! 


1 ^ 


Order Your Binder-File 


“Now! Supply Is Limited! | 


ibe Wartime shortages will limit bro düchioN of 
— Binder-Files, even though no essential war 
— metal is used. The manufacturer informs us 
- that the only Binder-Files that can be deliv- 

= „ered at the extremely low price of $1 are 
those which are ordered at once, while the 
Der manufacturer still has motores | 


ᾱ E COUPON ATTACHED, OR A COPY. 


OF iT ON YOUR OWN STATIONERY - 


lea 





Many Uses for. These : 


Special Envelope Files : τ | ! 


BESIDES preserving your PRACTICAL {. 
? MATHEMATICS QUARTERLIES in at- [. 


tractive form, this Binder contains 12 En- 


| velópe Files, each designated by subject, 


in which you may keep all of your prob- & 
lems and solutions, your mathematical ta- | 
bles, sheets, graphs, news items, loose ref- - 


erence material, etc. You can thus file and 
find. instantly material on any ef ng fol- 


lowing 12 sur iecies 


Calculus. UNE 
Differential [ος 
Equations 


Arithmetic 
Algeb ra 


Plane Geometry 


Solid Geometry Mensdrarion vss 


Plane Trigonometry Graphs 


Logarithms | 
|. Slide Rule 


Spherical 
Trigonometry 


NATIONAL EDUCATIONAL ALLIANCE, πο 


[^ 37 West 47th Street, New York 19, N. Y. A / 


-Please send me the Special PRACTICAL MATHE- ns 
MATICS QUARTERLY Combination Binder-File, 
to hold four i issues, and containing a set of 12 
στα, Envelope: Files. l enclose remittance of 
ony eye .00 payment in full. | 


4 City & το ; R 
« P.O. Dist. νο s aem “0 State ss 
κ (Fill in P.0. Dist. No. Only 1f You Know n) “M-I ¢ | ES 








SPECIAL 


||. OFFER 
η subscribers : 


This beautiful: Morocco- 

- Grained Artcraft Binder not . 
- only holds a year's issues of 
the Practical Mathematics 
Quarterly, but provides an 
. attractive and convenient 
` filing place for special 
problems and solutions, 
. "mathematical tables, sheets, 
graphs, etc.! Copies are 

. easily inserted or removed. 
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— ΒΙΟ matter how well and how fast you absorb the | File, you preserve your PRACTICAL MATHEMATICS Cle τ Ss 
information in each issue of PRACTICAL MATHE- QUARTERLY in safe and convenient form. In addition, = 
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MATICS QUARTERLY, you will want to safeguard from the 12 Envelope Files bound into the binder make exci s 3 1 


z loss or damage every single copy. Even yeors from — cellent provision for filing in orderly. fashion your 3 
: “now, regardless of how far you progress in mathemat- problems and solutions, your work-sheets, your mathe- - Ξ E 
ics, you will have frequent occasion to refer to this matical clippings, and many other valuable notesand . 
storehouse of Mathematics Instruction! tables that might otherwise be misplaced. E e s 


By filing each issue in this De Luxe Ancar Binder- ^^ An extraordinary bargain at $1.00! Sent postpaid. |" NN 


SEE INSIDE OF THIS COVER FOR MORE DETAILS AND HANDY ORDER ΕΟΗΝ 
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